
where τ(i) = d− σ(i).
Hence for σ(i) < σ(i + 1) we have d− σ(i) > d− σ(i + 1), and vice versa. Hence τ has

exactly k−1 ascents, thus it has (d−1)− (k−1) = d−k. It is easy to check that F is its

own inverse. Therefore this function is a bijection between E(d, k) and E(d, d + 1− k).

Hence E(d, k) = E(d, d + 1− k).

But this is exactly A(d, k) = E(d, k) = E(d, d + 1− k) = A(d, d + 1− k).

4. (Generating functions of polynomials.) Let f : N→ R be a function and d ∈ N. Write

�

t≥0

f(t)zt
=

g(z)

(1− z)d+1

Prove that the following are equivalent:

• f is a polynomial of degree d

• g is a polynomial of degree at most d such that g(1) �= 0.

Proof: ⇒ Let g(z) be a polynomial of degree ≤ d and g(1) �= 0.

Let g(z) = anzn
+ . . . a1z + a0 and an + an−1 + . . . a1 + a0 �= 0. Then

g(z)
(1−z)d+1 =

g(z)
�

n≥0

�t+d
t

�
zt

g(z)

(1− z)d+1
=

n�

i=0

�

t≥0

ai

�
t + d

t

�
zt+i

g(z)

(1− z)d+1
=

n�

i=0

�

t≥i

ai

�
t− i + d

t− i

�
zt

By convention
�t−i+d

t−i

�
= 0 when t < i, hence we have

g(z)

(1− z)d+1
=

n�

i=0

[

�

t≥0

ai

�
t− i + d

t− i

�
zt

]

Now we can switch the summation which gives us

g(z)

(1− z)d+1
=

�

t≥0

[

n�

i=0

ai

�
t− i + d

t− i

�
]zt

For any 1 ≤ i ≤ n we have
�t−i+d

t−i

�
=

(t−i+d)!
(t−i)!d! =

(t−i+d)(t−i+d−1)...(t−i+1)
d! =

�d−1
k=0(t−i+d−k)

d! .

Hence each is a polynomial of degree d.

f(t) =

n�

i=0

ai

�
t− i + d

t− i

�
=

a0 + a1 + . . . + an

d!
td + bd−1 + . . . b1t + b0

For some coefficients bk where 0 ≤ k ≤ d− 1. Since g(1) = a0 + a1 + . . . + an ≥ 0 we are

assure the coefficient of td is not equal to 0 hence the degree of f is d.
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⇐ Let f(t) be a polynomial of degree d.

Let f(t) = bdtd + . . . b1t + b0. Then we have

�

t≥0

f(t)zt
=

�

t≥0

bdt
dzt

+

�

t≥0

bd−1t
d−1zt

+ . . . +

�

t≥0

b1tz
t
+

�

t≥0

b0z
t

From Problem 2 we proved that

�

t≥0

(t + 1)
dzt

=
A(d, 1)z0

+ · · · + A(d, d)zd−1

(1− z)d+1

z
�

t≥0

(t + 1)
dzt

=

�

t≥0

(t + 1)
dzt+1

=
A(d, 1)z1

+ · · · + A(d, d)zd

(1− z)d+1

We then have
�

t≥1

(t)dzt
=

�

t≥0

(t)dzt
=

A(d, 1)z1
+ · · · + A(d, d)zd

(1− z)d+1

Using this we have

�

t≥0

f(t)zt
= bd

A(d, 1)z1
+ · · · + A(d, d)zd

(1− z)d+1
+bd−1

A(d− 1, 1)z1
+ · · · + A(d− 1, d− 1)zd−1

(1− z)d

+ . . . + b1
A(1, 1)z1

(1− z)2
+ b0

1

(1− z)1

Denote gk(z) = A(k, 1)z1
+ . . . A(k, k)zk

, hence gk(z) is a polynomal of degree k and

therefore we have

�

t≥0

f(t)zt
=

d�

k=0

bk
gk(z)

(1− z)k+1

Since we want to add all these together we need a common denominator. Hence

�

t≥0

f(t)zt
=

d�

k=0

bk
gk(z)(1− z)

d−k

(1− z)d+1

Thus our numerator is g(z) =
�d

k=0 bkgk(z)(1 − z)
d−k

. This polynomial’s degree is at

most d and

g(z) =

d�

k=0

bkgk(z)(1− z)
d−k

+ gk(z)(1− z)
0

=

d−1�

k=0

bkgk(z)(1− z)
d−k

+ gd(z)

Therefore

g(1) =

d−1�

k=0

bkgk(1)(1− 1)
d−k

+ gd(1) = gd(1) = A(d, 1) + . . . A(d, d) > 0
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