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to show that ∆(n−d−1, 2(n−d)−1) ≤ ∆(n−d, 2(n−2)) and so we can conclude

that ∆(d, n) ≤ ∆(n− d, 2(n− d)).

5. A heterosexual-only online dating service has n male and n female mem-

bers. Each member is shown the profiles of the subscribers of the opposite sex,

and answers the questionnaire: how much money are you willing to pay, or how

much money must we pay you, to date each member? The goal of the agency is to

arrange n (disjoint) dates and make the largest profit possible.

Phrase this as a linear programming question. Find the V-description and the H-

description of the relevant polytope.

Each male and each female can be assigned a number in [n]. If Sn is the per-

mutations of [n] then for σ ∈ Sn, let Xσ
be the nxn matrix defined by Xσ

i,j = 1

if σ(i) = j and 0 otherwise. Then each Xσ
is a matrix where the basis vectors

e1, . . . , en are the columns and are permuted according to σ. Each point in Rn∗n

can be thought of as an nxn matrix. For each Xσ
the matrix represents all possible

disjoint dates where a 1 in position i, j represents a date between man i and woman

j and a 0 represents no date. The conv{Xσ
: σ ∈ Sn} is the V-description of the

polytope where the possible dates are the vertices and {x ∈ Rn∗n
: xi,j ≥ 0 for

1 ≤ i, j ≤ n with
�

k xi,k = 1 and
�

k xk,j = 1 is the H-description. The profits

made from each date can be placed into an nxn matrix C, where the profit for date

i, j is placed into the i, j position. Then taking the dot product C · Xσ
will give

the total profit for creating the dates indicated in Xσ
. Maximizing C · Xσ

will

maximize the profits for the dating agency.

6. Find the diameters of the graphs of:

(a) the simplex ∆d−1

(b) the cube Cd

(c) the crosspolytope �d

(d) the dodecahedron

(e) the icosahedron

(a) A simplex is 2 neighborly so any 2 vertices form an edge, therefore the di-

ameter is 1. n− d > 1 for all d > 0 and so the Hirsch conjecture holds.

(b) Cd is formed by creating two copies of Cd−1 and connecting the corresponding

vertices. I will show by induction that the diameter of the d-cube is d. ∆C1 = 1

and ∆C2 = 2. Assume that Cd = d consider Cd+1. Pick any two vertices on Cd+1.

Each one lies on a copy of Cd. If they are on the same copy then the distance

between them on the graph will be at most d. If they lie on different copies of

Cd then it will take one move to get from one copy of Cd to the other and then

at most d moves to get from there to the selected vertex. Therefore the distance

between them is at most d + 1. The number of facets of a d-dimensional cube is

2d and so n−d = 2d−d = d < d+1 and so the Hirsch conjecture holds for the cube.

(c) The crosspolytope is formed by conv{±e1, . . . ± ed}. Between any two non-

opposite vertices (ei and −ei are opposites) there is an edge. Take (ej + ei) · v = 2

where v is a vertex of the polytope. Because each vertex is some ek and because
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ek · en = 0 for n �= k, and ek · −ek = −1, every non opposite pair of ±ei,±ej will

maximize (ei+ej) ·v = 2 and so every non opposite pair forms an edge. To get from

one vertex to another it will take at most two moves, one to change the position

of the 1, and one to change signs. Therefore the diameter of the crosspolytope is

2. In the case of �1 however there is only one possible move, a sign change and so

the diameter of it is 1. The number of facets of the d dimensional crosspolytope is

2
d
. 2

d− d ≥ 2 for all d greater than 1 and in that case, 2− 1 = 1 and so the Hirsch

conjecture holds for the crosspolyotpe.

(d) Every two vertices of the dodecahedron are either on adjacent pentagons

(facets) or they each on an edge each of whose other vertex lie on the same ”cen-

tral” pentagon. Because the diameter of the pentagon is 2, it will take at most two

moves to get to the adjacent pentagon and then 2 more to get to the chosen vertex

(in the first case) or it will take 1 move to get to the ”central” pentagon, 2 moves

to get to the vertex that shares an edge with the chosen vertex and then one move

to get to the chosen vertex for a total of 5 moves. Therefore the diameter is 5. The

dodecahedron has 12 facets, 12− 3 = 9 > 5 and so the Hirsch conjecture holds.

(e) Every facet of the icosahedron is a triangle and every vertex has degree 5

so by making one move along the graph you arrive at a vertex of degree 5 that

only shares 2 facets with the starting vertex. By making one other move you can

arrive at a vertex that shares none of the facets with the starting vertex. Because

there are five choices for the first move and four non-backtracking choices for the

second move, after the second move you can arrive at any desired facet. Because

the facet is a triangle it will take at most one more move to reach the desired vertex.

Therefore the diameter is 3. The icosahedron has 20 facets, 20 − 3 = 17 > 3 and

so the Hirsch conjecture holds.
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