
vertices to on the other side of x to enclose x in it’s interior. This again gives a polytope of

at most 2d+ 2 vertices needed to contain x. �

(b) Prove that the number 2d cannot be decreased in general.

To show it cant be decreased, consider a square in R2. If x is in the center of the square,

then removing any vertex would create an edge going down the center; thus, making x a

boundary point, not an interior point.

(c) Characterize those P and x for which 2d points are needed in V .

The polytopes, P , with points, x, that need all 2d vertices are polytopes where every subset

of vertices, V gives x ∈ conv (V ) or conv (V ) is a boundary of the polytope. Cross polytopes

fit this characterization if x is in the center.

6. (a) If P,Q ⊂ Rd are polytopes, prove that P ∩Q is also a polytope.

Proof. Since P and Q can be satisfied by a system in inequalities, the intersection is the set

of points that satisfy all the inequalities in P and Q. It is bounded because both P and Q

are bounded. Therefore it is a polytope. �

(b) If P,Q ⊂ Rd are polytopes, prove that P +Q is also a polytope.

Proof. Let P = conv (p1, · · · , pn) and Q = conv (q1, · · · , qm). Define the following set:

S = conv (pi + qj |i ∈ [n] and j ∈ [m]) I will show that P + Q = S. To show P + Q ⊇ S,

let x ∈ S be given. Then you can write x in the following way: There exist γijs such that�
γij = 1 and each γij ≥ 0 so that:

x =

n�

i=1

m�

j=1

γij(pi + qj)

x =

n�

i=1

m�

j=1

γijpi + γijqj

x =

n�

i=1

m�

j=1

γijpi +

n�

i=1

m�

j=1

γijqj

x =

n�

i=1

pi

m�

j=1

γij +

m�

j=1

qj

n�

i=1

γij

Notice that if we define
�n

i=1 γij = µj and
�m

j=1 γij = λi, then we have (by construction)

that
�

λi =
�

µj = 1 and λi, µj ≥ 0. We are left with:

x =

n�

i=1

λipi +

m�

j=1

µjqj

Thus, x is a convex combination of vertices of P plus a convex combination of vertices in Q.

In other words, we have x = p+ q for some p ∈ P and q ∈ Q; therefore S ⊆ P +Q.

Now to show P + Q ⊆ S, let x ∈ P + Q be given. Then there exist p ∈ P and q ∈ Q such

that x = p + q. We can also write p and q as convex combinations of vertices from their

respective sets. so x =
�

piλi +
�

qjµj we can break up λi into the sum of m terms such,

5



i.e. λi =
�m

j=1 γij . Similarly, you can break up µj into the sum of n terms so that
�n

i=1 γij .

You are then left with:

x =

n�

i=1

pi

m�

j=1

γij +

m�

j=1

qj

n�

i=1

γij

Which can lead back to:

x =

n�

i=1

m�

j=1

γij(pi + qj)

Again, by construction,
�

i

�
j γij = 1 and γij ≥ 0, so it is a convex combination of vertices

of the form pi + qj . So, x ∈ S; therefore, P +Q ⊆ S. �
(c) If P ⊂ Rd and Q ∈ Re are polytopes, prove that P ×Q is also a polytope.

Proof. Consider the H-description of polytopes. Let P =
�
x ∈ Rd : Ax ≤ α

�
and Q =

�
y ∈ Rd : By ≤ β

�
. Let S =

��
x

y

�
∈ Rd+e :

�
A 0

0 B

� �
x

y

�
≤

�
α

β

��
Notice, you can

S =

��
x

y

�
∈ Rd+e :

�
Ax

By

�
≤

�
α

β

��
=

��
x

y

�
∈ Rd+e : x ∈ P and y ∈ Q

�
= P×Q �
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