6. (a)

If P, C R? are polytopes, prove that P N Q is also a polytope.

Proof. Since P and () can be satisfied by a system in inequalities, the intersection is the set
of points that satisfy all the inequalities in P and . It is bounded because both P and @)
are bounded. Therefore it is a polytope. O

If P,Q C R? are polytopes, prove that P + Q is also a polytope.

Proof. Let P = conv (p1, -+ ,pn) and Q = conv(q1, - ,qn). Define the following set:
S = conv (p; + ¢;]i € [n] and j € [m]) I will show that P+ @ = S. To show P+ Q 2 S,
let x € S be given. Then you can write x in the following way: There exist 7;;s such that
>-7ij = 1 and each 7;; > 0 so that:
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T = ZPiZ%’j + Z%’ Z%’j
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Notice that if we define > " | vi; = p; and Z;”Zl ¥ij = Ai, then we have (by construction)
that Y- A; = > pj =1 and \;, p; > 0. We are left with:

n m
x = Z Aipi + Zuqu‘
i=1 j=1

Thus, x is a convex combination of vertices of P plus a convex combination of vertices in Q).

In other words, we have x = p + ¢ for some p € P and ¢ € Q; therefore S C P + Q.

Now to show P+ @Q C S, let z € P 4 (Q be given. Then there exist p € P and g € ) such

that x = p + q. We can also write p and ¢ as convex combinations of vertices from their

respective sets. so z = Y p;\; + > qj/i; we can break up A; into the sum of m terms such,
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i.e. A =) "L, 7. Similarly, you can break up u; into the sum of n terms so that > i, vi;.

You are then left with:
n m m n
T=D P it Y 4 Vi
i=1 j=1 j=1 =1

Which can lead back to:

=Y vijpi+q5)

i=1 j=1
Again, by construction, ) . " ;75 =1 and 75 > 0, so it is a convex combination of vertices
of the form p; 4 ¢;. So, x € S; therefore, P+ Q C S. O

If P c R and Q € R® are polytopes, prove that P x @ is also a polytope.
Proof. Consider the H-description of polytopes. Let P = {ac eRY: Az < a} and Q =

{yGRd;Bygﬂ}. LetS:{[Z} GRdJre;[gl g] [z]< [g]}Notice,youcan

s={[o]em [ g ] <[]} ={] 2] erizepaayea-rxq O



