
We can continue to building another polytope with two more faces and and one more vertex

by doing these moves. So we can build a polytope for every lattice point on this upper

boundary line.

We can also take a polytope from lower boundary line and the upper boundary line and put

them together to make another polytope with 7 vertices and 7 faces.

−→ −→ −→
So we can construct polytopes for the lattice points in the shaded region of the graph above.

2. Does there exists two 3-polytopes which are combinatorially different but have the same

number of vertices, edges and faces?

Consider,
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Both polytopes have 8 vertices, 13 edges and 7 faces. However, Polytope 1 is made of a

pentagon, three triangles and two quadralaterals and Polytope two has six squares and two

triangles. So these two polytopes are combinatorially different but have the same number of

vertices, edges and faces.

3. Prove that our two descriptions of the d-cude Cd conincide:

conv{+1,−1}d
= {x ∈ Rd|− 1 ≤ xi ≤ 1 for all 1 ≤ i ≤ d}

Let P = conv{+1,−1}d
, so P is the convex hull of all the d-tuples consisting of +1,−1. Let

Q = {x ∈ Rd|− 1 ≤ xi ≤ 1 for all 1 ≤ i ≤ d}. All d-tuples consisting of +1,−1 are in Q.

Let p = (p1, p2, . . . , pd) ∈ Q. Suppose p /∈ P . Then for some i, where 1 ≤ i ≤ n, pi > 1 or

pi < −1. Which contradicts −1 ≤ pi ≤ 1. Hence, p ∈ P . So, Q ⊂ P .

3


