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Abstract

Sometimes the space of possibilities is a polytope, and that can be very beautiful
and very useful! This is the topic of our minicourse.

This is a very rough draft of some lecture notes on this topic. Please don’t
share them (yet) outside of this school.

1 Polytopes

Before we begin: draw three polytopes on your piece of paper, and/or find them in the
room around you.

1.1 Vertex and inequality descriptions: the fundamental theorem

Let us begin with some basic definitions. A set U C R¢ is convex if for every u,v € U
the line segment between them is in U. Algebraically:

ifu,v €U then A\u+ (1—A)veUforall0 <A <1

The convex hull of V = {v1,...,v,} C R? is the minimal convex set containing V.
It is given by:

COHV{Vl?”'vvn}: {)\1V1+'”+)\nvn : AZZO?Z)‘Zzl}

Can you prove it?

How does this definition match our geometric intuition? For n = 2, where is Au +
(1 — A\)v located with respect to u and v? For n = 3, where is Au + pv + vw located with
respect to u,v,w for A + p 4+ v = 17 What do A, u, v measure?

A hyperplane in R? is a set of the form H,j, = {z € R? : a-x = b} for a € R and
b€ R. A halfspace in R? is a set of the form H, <, = {z € R? : a-x < b}.

Theorem 1.1. (Fundamental Theorem of Polytopes) For a subset P C RY, the following
are equivalent
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1. P =conv{vy,...,v,} for some finite set of points V.= {vi,...,v,}.

2. P is bounded and P = Hy N ---N Hy, for some finite set of halfspaces H =
{Hy,...,Hp}.

When this is the case, we call P a polytope. We write
P =conv(V) = P(A,<b)
where H; = Hy, <p,, A= [a1, -+ ,am]? and b= [by, -, by]7.

The descriptions above are called the V-description and the inequality description
or H-description. When V and H are minimal, we call them the vertex description
and facet description. You might think of the V-description as generative (How do you
generate points in the polytope?) and the H-description as restrictive (What must a
point satisfy to be in the polytope?), respectively.

The proof of this theorem is beyond the scope of these notes. See [?, ?] for details.
As the theorem makes apparent, we will only be interested in convex bounded polytopes.
The theory we develop here extends quite naturally to unbounded polyhedra. It does
not easily extend to non-convex polyhedral objects.

Remark 1.2. A (possibly unbounded) polyhedron is an intersection of finitely many
halfspaces. These objects also have a generative description; for details see [?].

A pentagon.

o = conv{((0,0),(2,0),(0,2),(2,1),(1,2)}
= {(z,y) eR?: 0<2<2 0<y<2 z+y<3}.

The standard simplex.

Ng—1 = conv{er,...,eq}
{:reRd:acl—i—---—&—xd:l,xiZOforalli}.

The standard cube.

04 = conv{eie; +---+¢cqeq : € € {—1,1} for all i}
= {xERd : =1 <a; <1 for all i}.

The standard crosspolytope.

Oq = conv{er, —ei1,...,eq,—€4}
= {zeR?: gz + - +eqrg<1forallg e {-1,1}}

The standard dodecahedron and icosahedron. These may be familiar to you. They will be
defined and studied in the Computational Exercise Session.



Question 1.3. Would you say the polytopes above are combinatorial objects? Why or
why not? Discuss this with a friend.

Note that we are making some non-trivial statements here, that the V-descriptions
and H-descriptions above coincide. We should not take for granted that we have both a
V-description and an H-description of these polytopes. We should also prove that these
descriptions are indeed equal. In general, this is quite hard to do:

Theorem 1.4. [?7] Given the H-description of a polyhedron, it is NP-hard to compute
1ts vertices.

For bounded polytopes this is still open!

Open Problem 1.1. Given the H-description of a polytope, is it NP-hard to compute
its vertices?

This might not sound hard; why is it? Given the vertices of a polytope, how would
you try to compute its inequalities?
Here is a positive statement:

Theorem 1.5. [?] Given the H-description of a polytope with n vertices, m facets, and
dimension d, there is an algorithm that can find its vertices in time O(n*md).

How do we reconcile the positive and negative statements above?

1.2 Constructions: new polytopes from old

There are several natural ways of combining known polytopes to obtain new polytopes.
Let us introduce a few basic constructions.

Intersection. Given two polytopes P,Q C R%, their intersection is
PNQ={r:rePandre@} cRL
Product. Given two polytopes P C R? and Q C R¢, their product is
PxQ={(p.q) : pe P,geQ} CR? x R* =R,
Prisms. Given a polytope P C R?, its prism is
prism(P) = P x [0,1] ¢ R? x R! = R4+,
Pyramid. Given a polytope P C RY, its pyramid is
pyr(P) = conv(P x 0,0 x 1) € R? x Rt 2= R4+,
Minkowski sum. Given two polytopes P,Q C R?, their Minkowski sum is
P+Q={p+q:pePqgeQ}cRL

Why do these constructions produce polytopes? Try proving it using vertex descriptions
and inequality descriptions. You will likely find yourself grateful that both descriptions
are available to you.

Later we will see others: Vertex figures, truncations, face lifts.



1.3 Faces

Let (R%)* denote the space of linear functionals on R?. The standard inner product on
R¢ naturally identifies (R?)* with R, Still, it is often useful to distinguish these two
dual spaces, and draw them separately, next to each other.

A face of a polytope is defined by choosing a direction, and selecting the farthest
points of the polytope in that direction. More precisely, let P C R? be a polytope.and
w € (RY)* be a linear functional. The w-mazimal face of P is

P,={feP :w(f)>wp) foral pe P}

A face of a polytope P is any polytope of the form P, for a linear functional w. By
convention, the empty set is also considered a face of P.

The following statements may seem trivial, based on our three-dimensional intuition.
We need to be careful, though; our visual intuition can sometimes mislead us when we
are dwelling in higher dimensions. Some of the proofs are subtle; see [?].

Proposition 1.6. 1. A polytope equals the convex hull of its vertices.
2. A face of a polytope is a polytope.
3. If G is a face of P and F is a face of G then F' is a face of P.
4. If F is a face of P then its vertices are Vert(F') = Vert(P) N F.
5. If F and G are faces of P, then F NG is also a face of P.

1.4 A parenthesis: affine spans

An affine (linear) combination of vy, ..., v, is a point of the form Ajvy+- - -+ A,v,, where
MA+-+XN =1 Aset VcR?is affinely independent if no point in V is an affine
combination of the others. This notion defines a matroid, as introduced in Anastasia
Chavez’s ECCO course last week.

An affine subspace of R? can be described equivalently as either

e a subset of R? closed under affine combinations,

e the affine span of a finite set V C R?,

e a parallel translate v + L of a linear subspace L of R¢ for v € R?, or

e the intersection of finitely many hyperplanes.

The dimension of an affine subspace v+ L is the dimension of L; it is also the size of
the largest affinely independent subset, and the size of the smallest possible generating
set.

1.5 Normal fans

A polytope P in R? naturally induces a subdivision of (R%)*, called the normal fan.
Each face F' of P defines an open and a closed normal cone:

Np(F)° = {we RY)*: P, =F}
Np(F) = {we RY*: P, > F}.



We have
Np(F) =Np(F)° = | | Np(G).

GDOF

Notice that there is a bijection between the faces of P and the faces of the normal fan
N(P).
This is a fan X in the sense that it is a set of full-dimensional cones that intersect
properly: for any Cy,Cs € 3, the intersection C7 U Cy is a face of Cy and of Cs.
Equivalently, we can think of a fan as a set of cones such that any face of a cone C'
of ¥ is in X, and for any two cones C1,Cy € ¥ the intersection for any C; U Cs € 3.
To understand this probably requires doing some examples. Draw the normal fans
of the three polytopes that you started the lecture with.



2 Posets: The order of possibilities

In my humble opinion, one of the most frequent mistakes made by mathematicians is to
force things to be on a line, when they don’t want to be. Non-mathematicians do this
too, trying to decide who/what is the “best” person or team or album or rank them in
linear order, when there is simply no good way to do that. when there is simply not
a best one. Most sets we encounter do not naturally have a linear order, and forcing
them to have one — for example by labeling its elements 1,2,...n — can be misleading,
confusing, obscuring. By contrast, many sets we encounter do naturally have a partial
order — where some pairs of elements are comparable and some are not — and that
structure is often very useful.

2.1 Posets

A partially ordered set or poset (P, <) is a set P together with a binary relation <,
called a partial order, such that

e For all p € P, we have p < p.

e For all p,q € P, if p<q and q < p then p=q.

e For all p,q,r € P,if p<gand ¢ <7 then p <r.
We say that p < ¢ if p < ¢ and p # q. We say that p and ¢ are comparable if p < ¢
or p > ¢, and they are incomparable otherwise. We say that ¢ covers p if ¢ > p and
there is no r € P such that ¢ > r > p. When ¢ covers p we write q > p.

Example 2.1. Posets are abundant in mathematics and beyond. Let us discuss just a
few examples.

~

. (Chain) The poset n = {1,2,...,n} with the usual total order.

2. (Boolean lattice) The poset 24 of subsets of a set A, where S <T if S C T.
3. (Divisor lattice) The poset D,, of divisors of n, where ¢ < d if ¢ divides d.
4

. (Partition lattice) The poset II,, of set partitions of [n], where m < p if 7 refines p;
i.e., every block of p is a union of blocks of .

v

. (Face poset of a polytope) The poset L(P) of faces of a polytope P, where FF < G
if F' is a face of G.

Think of a few more examples, coming from areas of mathematics (or beyond) that you
are interested in.

The Hasse diagram of a finite poset P is obtained by drawing a dot for each element
of P and an edge going down from p to ¢ if p covers q. Figure [1| below shows the Hasse
diagrams of some of the posets above. In particular, the Hasse diagram of 2l is the
1-skeleton of the n-dimensional cube.

A poset is ranked if there is a function r : P — Z such that minimum elements have
rank 0, and p < ¢ implies r(q) — r(p) = 1. Equivalently, every maximal chain from z to
y has the same length.
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Figure 1: The Hasse diagrams of the chain 4, Boolean lattice 281 divisor lattice Dsg,
partition lattice II3, Bruhat order S3, and polytopal face poset L(¢0) (missing).
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Proposition 2.2. All the posets of Example[2.1] are ranked.

What are the rank functions?

The direct product P x @ is the poset on P x @ where (p,q) < (p/,¢') if p < p’
and ¢ < ¢.We have already seen examples of product posets. The Boolean lattice is
24 >~ 2 % ... x 2. Also, if n = pﬁl . ~p',;’“ is the prime factorization of n, then D, =
(t1 +1) X -+ x (tx +1). Prove this!

2.2 Lattices

A poset is a lattice if every two elements p and ¢ have a least upper bound p V ¢ and
a greatest lower bound p A ¢, called their meet and join, respectively. This additional
algebraic structure can be very beneficial.

To prove that a finite poset P is a lattice, it is sufficient to check that it has a
maximum element 1 and any x,y € P have a meet x Ay; then the join of z and y will be
the (necessarily non-empty) meet of their common upper bounds. Similarly, it suffices
to check that P has a minimum element 0 and any z,y € P have a join z V y.

Proposition 2.3. The families of Example[2.]] are lattices:
1. Every chain is a lattice.

Every Boolean poset is a lattice.

Every divisor poset is a lattice.

Every partition poset is a lattice.

A

Every polytopal face poset is a lattice.

We will omit the proof in these notes, but we invite you to describe the meet and/or
the join for each of the families above.



2.3 Intervals

For p < g we define the interval

[Pl ={reP :p<r<gq}
We let Int(P) be the set of intervals of P. Also let P>, ={q€ P : ¢ > p}.
Proposition 2.4. The families of Example behave well under taking intervals:

1. Every interval of a chain is a chain.

2. Every interval of a Boolean lattice is a Boolean lattice.

3. Every interval of a divisor poset is a divisor poset.

4. Every interval of a partition poset is a product of partition posets.
5

. Bvery interval of a polytopal face poset is a polytopal face poset.

We invite you to provide the proofs for 1.—4. Let us prove 5., which is most relevant
to these notes. To prove it we need a new construction.

Definition 2.5. Let P be a polytope and v be a vertex. The vertex figure P/v of P atv
1$ a generic slice of P very close to v. More concretely, suppose v = P, withw-v = c.
Then for ¢ = c — € we let

P/v=PU{z :w-x=C}

Notice that the faces of the vertex figure P/v are in bijection with the faces of P
containing v.

Proof of Proposition[2.4.5. Let P be a polytope. It suffices to prove the statement for
a maximal non-trivial interval of L(P); the result will then follow by induction. There
are two kinds of maximal intervals.

1. Let P be a polytope and consider a maximum element y of L(P) — 1. Then Y
corresponds to a facet F' of P, and the elements less than y in L(P) are the faces of P
contained in F. Therefore [0,y] = L(F).

2. Now consider a maximum element z of L(P) — 0. Then z corresponds to a vertex
v of P, and the elements greater than y in L(P) are the faces of P containing v, which

A~

are in bijection with the faces of P/v. Therefore [z, 1] = L(P/v). O

2.4 Mobius functions

Consider a finite poset P with a minimum element 0.

Definition 2.6. The (one-variable) Mébius function u: P — Z is defined by

L ifp=0,
n(p) = § — Z,u(r) otherwise. (1)

r<p

Equivalently, the sum of the Mdbius numbers of any non-trivial lower interval is 0.



What are the Mobius functions of the posets in Figure 777

Let’s compute it for L(square pyramid) together. What do you notice?

Computing Mobius functions is a very important problem, because the Mdobius
function is the poset analog of a derivative; and as such, it is a fundamental
invariant of a poset. This problem is fun, beautiful, and interesting, but that is a story
for another day. You can read more about it in [?, Section 4.5].

Definition 2.7. The (two-variable) Mébius function p : Int(P) — 7 is defined by
w(p,q) = p>p(q), where p>p = pp. denotes the Mébius function of the poset Ps).
Equivalently,

1 ifp=q
w(p,q) = 4 — Z w(p,r)  otherwise. (2)

p<r<gq

Equivalently, the sum of the numbers u(p, —) in any non-trivial interval [p, q] is 0.

It turns out that the sum of the numbers p(—, ¢) in any non-trivial interval [p, ¢ is
also 0.

2.5 Polytopes and dimensions

The dimension of a polytope is the dimension of its affine span. Faces of dimension 0
and 1 are called vertices and edges. Faces of codimension 1 and 2 are called facets and
ridges.

The f-vector of Pis f(P) = (f-1, fo, f1,- -, fa), where f; is the number of i-dimensional
faces. The f-polynomial is fp(x) = Z?:o fiz". In the Exercise Session you will compute
these for the polytopes we have discussed so far.

Proposition 2.8. For the face lattice of a polytope, u(F) = (—1)4mF,
The key property here is the familiar formula due to Euler in 1752:
V-E+F=2.

Klee called this the “first landmark in the theory of polytopes”. Alexandroff and Hopf
called it the “first important event in topology”. More generally, we have:

Theorem 2.9. For any d-polytope.

~fatfo—fitfa— (=) fa=0

Definition 2.10. A poset P is Eulerian if it is ranked and

wla,y) = (1)@



Theorem 2.11. Face posets of polytopes are Eulerian:
ML(P)(R G)= (—DdimG*dimF for any faces F C G.

Proof. First let us prove that u(G) = (—1)4™¢ by induction on dim G. For dimG = —1

we have 14(0) = 1 by definition. Assuming that we have proved it up to dimension k — 1,
consider a face G of dimension k. For any F C G we have u(F) = (=1)4m ¥ and then

0 = Y uF)
= Y ) ()

F<G
= —f-1(G) + fo(G) = fi(G) + -+ £ fa1(G) F u(G)

and Euler tells us that the x(G) that makes this equation work is u(G) = (—1)3m¢,
To prove it in general, note that upper intervals of the face poset L(P) are face posets

of iterated face figures ((P/v)/v’) ..., so their Mébius numbers are also alternating 1 and
—1s. O

2.6 Moabius inversion formula

There is a very beautiful story that I will not get to say much about, but I would like
to at least mention it briefly.

In enumerative combinatorics, there are many situations where have a set U of
objects, and a natural way of assigning to each object u of U an element f(u) of a
poset P. We are interested in counting the objects in U that map to a particular
element p € P. Often we find that it is much easier to count the objects in s that map
to an element less than or equal toE] p in P. The following theorem tells us that this
easier enumeration is sufficient for our purposes, as long as we can compute the Mobius
function of P.

Theorem 2.12. (Mobius Inversion formula) Let P be a poset and let f,g : P — F be
functions from P to a field F. Then

L ogp)=)Y_flq) foraipeP <  f(p)=> wp.a)g(q) forallpe P, and

q>p q>p
2. gp)=> flg) forallpe P <  f(p)=> p(g,p)glq) forallpe P.
q<p q<p

This theorem simultaneously generalizes:

e discrete derivatives, when P = [n]

e the Mobius inversion formula of number theory, when P = D,
e the inclusion-exclusion formula, when P = 24

Lor greater than or equal to
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e the Ehrhart reciprocity, when P is the face lattice of a polytope.
In his paper [?], which pioneered the use of the M&bius inversion formula as a tool
for counting in combinatorics, Rota described this enumerative philosophy as follows:

It often happens that a set of objects to be counted possesses a natural
ordering, in general only a partial order. It may be unnatural to fit the
enumeration of such a set into a linear order such as the integers: instead, it
turns out in a great many cases, that a more effective technique is to work
with the natural order of the set. One is led in this way to set up a “difference
calculus” relative to an arbitrary partially ordered set.

Indeed, one may think of the Mobius function as a poset-theoretic analog of the
Fundamental Theorem of Calculus: ¢ is analogous to the integral of f, as it stores
the cumulative value of this function. Like the Fundamental Theorem of Calculus, the
Mobius inversion formula tells us how to recover the function f from its cumulative
values.

It is not difficult to prove Theorem directly, but it takes some practice to truly
appreciate it and make it part of your toolkit. Again, this will be a story for another
time.

3 Combinatorial polytopes: motivating examples

The following is the main question of this minicourse.

3.1 Which Eulerian lattices are polytopal?

Question 3.1. Suppose a family F of combinatorial objects has the structure of a poset
L(F). Is there a polytope P realizing F in the sense that

L(P) = L(F)?

A necessary condition is that L(P) should be an Eulerian lattice. In the exercises
you will see that this is not sufficient.

At this moment in mathematical history, answering this question is more of an art
than a science. I designed this minicourse with the goal of beginning to collect the state
of the art on this problem.

Let’s begin with two important motivating examples.

3.2 Subsets
Consider the poset 27 of subsets of E.

Theorem 3.2. The standard simplex A realizes the Boolean poset 2.
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3.3 Signed subsets
Consider the poset {—, 0, +}¥ of signed subsets of E.

Theorem 3.3. The cross-polytope g realizes the poset {—,0,+}F

3.4 Permutations

Consider the poset OII,, of ordered set partitions of [n|, where A < B if A refines B;
i.e., every block of A is a union of consecutive blocks of B.

Theorem 3.4. The permutahedron, defined as

Perm,,—1 = conv(my,...,m,) : ™ is a permutation of [n])
= (zelR": le— n(n+1), Zazz_fzz—l—l) for all T C [n]
el

realizes the poset OIl,, of ordered set partitions of [n].

3.5 Permutations

Consider the poset OII,, of ordered set partitions of [n], where A < B if A refines B;
i.e., every block of A is a union of consecutive blocks of B.

Theorem 3.5. The permutahedron, defined as

Perm,,—1 = conv(my,...,m,) : ™ is a permutation of [n])
= (zeR": le— n(n+1), Zazz_fzz—l—l) for all T C [n]
el

realizes the poset O(I),, of ordered set partitions of [n].

3.6 Triangulations

Consider the poset A, of subdivisions of an n-gon, where S < T if S refines T} i.e.,
every polygon in S is a union of polygons in 7.

Theorem 3.6. The associahedron, defined as

Assoc,_1 =<z € R" : Z x;=-n(n+1) sz > fz i+1), for all intervals I C [n]
i€[n] iel

realizes the poset Subdiv,io of subdivisions of the (n + 2)-gon.

The formula for the vertices is very pretty, and is best explained in a picture. I will
draw it in class.
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4 Combinatorial polytopes: how to construct them

4.1 A strategy

A d-polytope is simple if every vertex is on d facets. A d-polytope is simplicial if every
proper face(t) is a simplex.

Strategy 4.1. To prove that a poset L(F) of combinatorial objects F has a polytope
realizing it:

1. Find a fan X realizing F

2. Prove that L(X)%P = L(F)

3. Find a polytope P whose normal fan is 3.
4. Prove that N(P) = X.

Step 1 requires creativity, often relying on earlier known examples for inspiration.
Step 2 requires understanding the linear algebra / linear inequalities of 3, and proving
that its combinatorial structure matches the combinatorics of F Step 3 often requires
creativity as well. Step 4 can be done by hand, but we will see a useful general tool.

Definition 4.2. (Wall-crossing inequalities) Let ¥ be a simple fan with set of rays
¥(1). Let o and o' be two neighboring facets, separated by a (d — 1)-dimensional wall
7. Consider the d —1 rays p1,...,ps—1 generating T and the two generating rays p, p’ of
0,0, respectively, that are not in 7. Up to scaling, there is a unique linear dependence

of the form
d—1

coptd-p =) cip (3)
=1

with ¢, > 0. To the wall T we associate the wall-crossing inequality

d—1

In (h) = c-h(p) +¢ - h(e) = S ci - hlps) = 0. (4)
=1

Theorem 4.3. (Wall-Crossing Criterion) [?, Theorems 6.1.5-6.1.7] For h : ¥(1) — R
constider the polytope

P(h)={x eR: p-z<h(p) for pe X(1)}.

The normal fan of P(h) equals ¥ if and only h satisfies the wall-crossing inequalities
Is -(h) > 0, as defined in {4)), for each wall T of ¥.
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