PRrROBLEM 4

(a) To show it is a Hopf algebra, we must show it is an algebra (associative, unital), that it is a coalgebra
(coassociative, counital), that the algebra and coalgebra operations are compatible (via showing that A
and e are algebra homomorphisms), and that the antipode exists.
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o Associativity. Let £ =21 ® - ® Xy, Yy =y1 ® - Q Yy, and 2 = 21 ® - ® 2:
m(z,m(y,2)) =019 Q@Tp®Yy1 @ QY, ® 21 @ ® 2, =m (m(z,y), 2)
e Unital:
u(l)-z=1l-z=x=x-1=x-u(l)
e Coassociativity:

(A®Id)Azx = (A®Id) Y. z|s®|,.s

Scln]
= Z Z I|T®z|S\T®x|[n]\S
TS Sc[n]
= Z $|A®1'|B®$|C
AuBuUC=[n]
= Z Z 93|[n]\s®$|T®$|s\T
7SS Sc[n]
= (Id®A) ) s ®ls
Scn]
= (IdeA)Ax
e Counital:
(exId)(z) = ) e(zls)zlm)s
Sc[n]
= e(2lg) Zl[n)
= T

and similarly Id % € = Id.
e A is an algebra homomorphism. Let x =21 ® - ® x,, and y =y1 ® - ® Y.

A (zy)

Z (zy) |S ® (zy) |[n+m]\S

Sc[n+m]

= X (“'Sﬂ[nl ‘y|Sm[n]C—n) ® ("E|["1050 -yl([mm]\s)n[n]an)

Sc[n+m]

= > 2 (@ls-ylr) @ (#lpmyns  Ylinpr)

Sc[m] Te[n]

= Z Z ($|s®$|[m]\s)(y|T®yl[n]\T)
Sc[m] T<[n]

- ( > (m|5®x|[m]\s))( > (y|T®y|[n]\T))

Sc[m] Tc[n]
= AzAy
e ¢ is an algebra homomorphism. Let x and y be as before.
e(zy) = (19T Y1 Q- OYy)
_J1 n=m=0
~ |0 otherwise

e(z)e(y)

So T' (V) is in fact a bialgebra.
e The antipode in this case is surprisingly simple. First, since 1 = ue (1) = (S * Id)1=5(1) -1, then
S (1) =1. Let = z; be any pure 1-tensor, so that
O=ue(z)=(S+Id)(z)=5(z)1+S(1) =z

implying that
S(z)=-x.
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Because S is an antimorphism, and because any m-tensor z = 1 ® - ® x,, is the product z; ...z,
of m 1-tensors,

S (x)

S(r1®-®xp)
= S (x1Tm)
= S (@m)S (z1)
= (can) ()
= (D" (zm @ er1)
(b) EXTERIOR ALGEBRA:
For A (V) =T (V) /I to be a Hopf algebra descended from T (V'), the ideal I must be a Hopf ideal, and

this is only true if the characteristic of the base field is 2. Remember, I is the ideal generated by all
z@z forxeV.

To show that the ideal [ is also a co-ideal, we must show that e (I) =0 and A(I) c I@T (V)+T (V)®1.
The fact that e (I) = 0 is immediate from the fact that I is generated by 2-tensors, so it cannot contain
any O-tensors. For L, Re T (V) and x € V let

L-z®x-Rel
represent an arbitrary element of I. Then

A(L-z®z-R)

ALA(x®x) AR

= AL|(z9z)®1+2z0z+1®(z®x) |AR
——
=0
= AL((z®2)®1+1®(z®x))AR
e IoT(V)+T(V)el.

To show that S (I) ¢ I, again consider arbitrary L&z ® x ® R e I. Then
S(R)-S(z®@x)-S(L)

(-1)>°S(R)-z®z-S (L)
e I.

S(L-z®x-R)

So I is indeed a Hopf ideal and A (V') is a Hopf algebra.

SYMMETRIC ALGEBRA:
For S (V) =T (V) /J is also a Hopf algebra where J is the ideal generated by x® y—y®x for all z,y e V.
J is a coideal because

e(I)=0

since J is generated by 2-tensors and so cannot contain any 0-tensors, and also because for any arbitrary
element L-(z@y-y®x)-ReJ

A(L-(z®y-y®z)-R)

ALA(z@y-y®x)AR

= AL([(z@y)®l+z@y+y@z+1le(z0y)]-[(y®2x)@l+y®z+zy+1e(yoz)]) AR
= AL[(z®y-y®2)®1|AR+AL[l1® (z®y-y®x)]AR

e JRT(V)+T(V)®J.

It is a Hopf ideal because again for any L- (z ® y—y®x) - Re J,
S(L-(z®y-y®x)-R)

S(R)-S(z@y-y®x)-S(L)

= S(R) - (Sy®Sz-Sx®Sy)-S(L)
= S(R)-(y®r-2®Yy)-S(L)

e J



