
b) Again, it is enough to see the value in the generators

S(Ln) =
∑

i1+i2+...+ik=n
ij≥1

(−1)kLi1 × . . .× Lik =
∑

i1+i2+...+ik=n
ij≥1

(−1)kBi1,...,ik

There are no possible cancellations as it is not commutative.

3 Antipodes of incidence Hopf algebras have order 2

Notice that S(S(P )) is a sum of sequences of the form [0, x1] × [x1, x2] . . . × [xn−1, 1] with
some sign. The coefficient of P = [0, 1] is (−1)2 = 1. We show that the coefficient of [0, x1] ×
[x1, x2] . . .×[xn−1, 1] is 0 for n > 1. In order to get that term, we must refine another subsequence
[0, y1] × [y1, y2] . . . × [yk−1, 1]. The sign of such refinement is (−1)k+n. We say a subsequence
is nice if [0, y1] = [0, x1]. We associate to it the subsequence [0, y2] × [y2, y3] . . . × [yk−1, 1],
which has the opposite sign. It is easy to see that this is matching between nice and non-nice
subsequences, so all terms cancel.

4 Tensor, symmetric, and exterior Hopf algebras?

a) We first show it is a coalgebra. It is coassociative as

∆2(x) =
∑

I1tI2tI3=[n]

x|I1 ⊗ x|I2 ⊗ x|I3S.

The other equation is

(id⊗ ε)∆x =
∑
S⊂[n]

x|S ⊗ ε(x|[n]\S) = x|[n] ⊗ 1 = x⊗ 1

We now show it is ALMOST a connected graded bialgebra (a Hopf algebra). The grade of
a pure tensor is clearly the number of components. The map ε is clearly multiplicative. It
only remains to check if ∆ is multiplicative. (For simplicity, identify [m+ n] = [m]t [n])

∆(xy) =
∑

S⊂[m+n]

(x⊗ y)|S ⊗ (x⊗ y)|[m+n]\S =
∑

S1⊂[m],S2⊂[n]

x|S1 ⊗ y|S2 ⊗ x|[m]\S1 ⊗ y|[n]\S2

∆(x)∆(y) =
∑

S1⊂[m],S2⊂[n]

x|S1 ⊗ x|[m]\S1 ⊗ y|S2 ⊗ y|[n]\S2

We conclude T (V ) is not a Hopf algebra but as soon as we have commutativity (S(V ))
the problem will be solved. Anticommutativity (

∧
(V )) will not solve the problem as

there will be an additional factor of (−1)(m−|S1|)(n−|S|2).

b) As explained before, S(V ) is a Hopf algebra but
∧

(V ) is not. We now compute its
antipode. Takeuchi formula implies S(xk) = −xk, and the quasi-commutativity tell us
S(xa11 . . . xann ) = (−1)a1+...+anxann . . . xa11 .
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