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• The antipode again is most easily found by creating a connected and graded bialgebra. Let

Bi = K {permutations on [i]}
so that BiBj ⊆ Bi+j by the definition of multiplication, that for b ∈ Bi

∆b =
�

A⊆[i]

st (b|A)⊗ st
�
b|[i]\A

�

∈
�

A⊆[i]

B|A| ⊗Bi−|A|

=
i�

j=0

Bj ⊗Bi−j ,

that for j ≥ 1,
� (Bj) = � (non-empty permutations) = 0,

and that

B0 = K {∅} ∼= K.

Since this is graded and connected, we can apply Takeuchi’s formula to any permutation A of [n]

S (P ) = u� (P )− π (P ) + π ∗ π (P )− · · ·+ (−1)n π∗n (P )

= 2u� (P )− P + π ∗ π (P )− · · ·+ (−1)n π∗n (P )

To simplify this, note that π
∗k (P ) splits P into k non-empty pieces, standardizes then, multiplies

them, so another way to write this is

S (P ) =
�

π

(−1)|π| Pπ

where π indexes through all ordered partitions of [n] with no empty parts and Pπ is the product of

the standardizations of P restricted to all of the different parts of each partition.

Problem 6

(a) I will show how to find the addition formula. First, we note that

[f (x)]n = x
n + (higher order terms)

f
n (x) fm (y) = x

n
y
m + (higher order terms, x

p
x
q
,p > n, q > m)

f (x+ y) = x+ y + (higher order terms) .

To get f (x+ y) = F (f (x) , f (y)), we need to match the coefficients

�
x
i
y
j
�
f (x+ y) =

�
x
i
y
j
�
F (f (x) , f (y)) ,

for all i and j, both not equal to zero (here the expression on the right is expanded completely). This

is is easy if we start with i and j small and work our way up. Let

λi,j =
�
f
i (x) f j (y)

�
F (f (x) , f (y))

so that the λ’s are the coefficients of the non-expanded versions of powers of f (x) and f (y). Starting

with i = 1 and j = 0 we see

λ1,0 = [x]F (f (x) , f (y)) = [x] f (x+ y) = 1

and vice-versa

λ0,1 = [y]F (f (x) , f (y)) = [y] f (x+ y) = 1

so far we know that

F (f (x) , f (y)) = x+ y + (higher order terms) ,

which is we can write as a function of f (x) and f (y) by observing that

F (f (x) , f (y)) = x+ y + (higher order terms)

= f (x) + f (y) + (same higher order terms)− (higher order terms of f (x) + f (y))

= λ1,0f (x) + λ0,1f (y) + (combined higher order terms) .
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Since we are trying to create a series equal to f (x+ y), then

f (x+ y) = λ1,0f (x) + λ0,1f (y) + (combined higher order terms)

f (x+ y)− λ1,0f (x)− λ0,1f (y) = (combined higher order terms)

We use this to proceed to values of i and j such that i+ j = 2. That is,

λ2,0 =
�
x
2
�
F (f (x) , f (y)) =

�
x
2
�
f (x+ y)− f (x)− f (y)

λ1,1 = [xy]F (f (x) , f (y)) = [xy] f (x+ y)− f (x)− f (y)

λ0,2 =
�
y
2
�
F (f (x) , f (y)) =

�
y
2
�
f (x+ y)− f (x)− f (y)

and actually, this is redundant because f (y) doesn’t have any x
2

terms, and the same goes for f (x),
more simply this is:

λ2,0 =
�
x
2
�
F (f (x) , f (y)) =

�
x
2
�
f (x+ y)− f (x)

λ1,1 = [xy]F (f (x) , f (y)) = [xy] f (x+ y)− f (x)− f (y)

λ0,2 =
�
y
2
�
F (f (x) , f (y)) =

�
y
2
�
f (x+ y)− f (y)

We can follow this procedure indefinitely and recursively for find all λi,j , noting that only the coefficients

of lower order terms are needed (so λi,j only depends on λm,n where neither m > i, nor n > j). The

recursive formula is:

λi,j =
�
x
i
y
j
�
f (x+ y)−

�

m≤i

n≤j

λn,mf
n (x) fm (y)

Thus the addition formula exists and is unique since all the choices we made were necessary. It is

F (f (x) , f (y)) =
�

i,j∈N
λi,jf

i (x) f j (y)

or

F (x, y) =
�

i,j∈N
λi,jx

i
y
j
.

(b) Suppose that F is an addition formula. By the previous solution it must be of the form

F (x, y) = x+ y + (higher order terms) .


