
injection from J◦(Int(P )) to the coalgebras in I(P ), which clearly preserves the order. If
we show it is a bijection, the problem will follow from the correspondence.

Let C ⊂ I(P ) be a coalgebra. We must have that C is generated by some intervals,
otherwise ∆(x) will not lie in C ⊗ C for x ∈ C. If [a, b] ∈ C and [c, d] ∈ I(P ) is a
subinterval, then [c, d] is one of the middle terms in ∆2([a, b]), so [c, d] ∈ C. Therefore, C
is generated by a downset, concluding the proof.

b) Using the previous result, we just need to count the cardinality of J◦(Int(P )). For P = An

we have Int(An) = An and as any subset of An is a downset, then |J◦(Int(P ))| = 2n.

For P = Cn we show the answer is the Catalan number Cn+1. As shown in Figure 1,
Int(P ) looks like a pyramid.

Figure 1: Poset of intervals of C3

There is a natural bijection from downsets in Int(Cn) to the Dyck paths of lenght 2(n+ 1).
We first add two more rows to the pyramid, and we assume all these new points are also in the
downset. We consider the region below the points in the downset. The boundary of this region
is a Dyck path.

Figure 2: Bijection from downsets in Int(Cn) to Dyck paths. Left: A downset (points in red)
of the poset. Right: The corresponding Dyck path
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