(2) (a) Let T: C®C — C®C be the twist map given by T' (¢ ® d) = d®c
for ¢,d € C. Show that T is a bilinear map and write TA(c) in
Sweedler notation.

Proof. We begin by defining T a bilinear map from C x C' —
C'®C by defining T on the basis elements of C' x C' and extending
linearly. For ¢;, ¢; basis elements of C', define T(Ci, ¢j) = ¢ ® ;.
Then moding out by the relations of C ® C, T induces a linear
map7T:C®C - C®C by T(c®d) =d® c for all pure tensors
c®d e C®C, and extending linearly over sums. In Sweedler
notation, we write

TZC ® C(2
= ZT )OTC(2
= ZC@) ® cq)

(c)

(b) Prove the following identities:

(1) Ale) =Y ele) @ Aleq))

(©)

Proof. We begin by proving a lemma.

Lemma 1. For linear functions f : C — C andg: C — C,
To(fog)=(g®f)oT.
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Proof of lemma: Let Z x; ®y; € C®C. Then by linearity
of T f and g, Z

To(f®g) (Zw ®yi> =To (Z f(z;) ®g(yi)>
| = ZT(;(%) © g(y:))
= i(g(yi) ® f(z:))
- S o)
= i(g@@f)oT(xi@yi)

:(f@g)oT(in@)yi).

)

) )

)T(I ®€)(A(c)) by Lemma 1,
) by the counitary property,
)
)
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Proof.

D ey ®eles) ® )
©

= (1®6®1)ZC(1> ® C(3) ® C(2)
(c)
(IRexI)(I®T)Ax(c)
=IT)(I®I®e)(I®A)A(c) by Lemma 1,
=TI e ((I@eoA)A()

={I®T) Z cay ® ¢ ® 1 by the counitary property,

—Z ) R 1® ¢

= Ao).

(i) ¢ = elcy) @ ele) @ c)

(c)
Proof.

> eley) @ele) ® e

(c)

= (6@6@[)20(1) @ €(3) @ C(2)

(c)
= (6®€®])([®T)ZC(1) ® C(2) & ¢(3)

(c)
=(e®exI)(I®T)A(c)

={IT)exI®e)(I®A)A(c) by Lemma 1,
—(IeT) (e (0o A)AQ
=(I®T) Z €(cy) ® cy ® 1 by the counitary property,

(c)
=IT)(exI®I)(Alc)®1)
=({IeT)(e@)oA®I)(c®1)
=IT)(1®cx1)
=1®1®c

=



