Solution. Crista Moreno, Karla Lanzas
H = Hy is an [F-algebra so it has multiplication m : H® H — H and unit u : F — H such that the following
diagrams commute:
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Consider the coproduct A: H — H ® H given by A(g) = g® g and A(x) = x® 1 + g ®x and the counit
€:H — F given by €(g) = 1 and €(x) = 0. We can extend A so that A(1) = 1 and A(gx) = gx® g+ 1 ® gx.
We see that A is multiplicative relative to the basis relations:

A =A(g)A(g) = (s®g)(g®g) =g ®g* =101 =A(1)

A?) = AX)A(X) = (x®@ 1+ g@x)(x@ 1+ g®x)
=R 1+xg@x+gx@x+g> Qx°
= —(gx®x)+gx®@x=0=A(0)



A(gx) = A(g)A(x) = (g@g)(x® 1 +g®x)
=gxRg+1Qgx=—xg®g+1®—xg
=—(xg®g) - (1®xg)
=-(x®1+g®x)(g®g) = —A(x)A(g) = A(—xg)

Similarly, we extend € so that €(1) = 1 and €(gx) = 0 and we see that € is multiplicative relative to the basis
relations:

e(g”) =e(g)e(g) =1-1=1=¢(1)
e(x*) =e(x)e(x) =0-0=0=¢(x)
e(gx) =¢€(g)e(x) =1-0=0=—0-1=—¢g(x)e(g) = &(—xg)

Now that we have A and € maps defined on the basis of H that preserve the given relations, in order to
make H a coalgebra, we need the following diagrams to commute:

id®A
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We can observe how each diagram acts on each element of the basis {1, g,x,gx} of H:
1:

(id ® A)A(1)

(idoA)(101)=12(1e1)
(1ehol=A1)®1
(A®id)A(1)

(e®id)A(1) = (e®id)(1®1)=¢(l)®1 =1
(de)A(l)=(doe)(1e])=1ve(l)=11=1

(id @ A)A(g)

(id2A)(gRg) =g®(g®g)
=(gRg)®g=A(g)®¢g
= (A®id)A(g)

(e@id)A(g) = (e®id)(g®g) =€(g)®g=10g=g
(id2e)A(g)=(id®e)(gwg) =gRe(g) =g@1=g



(i[d@A)A(x) = (I[dRA) (xR 1+g®x) =xRA(1) + g ®A(x)
=x@(IR1)+g@x®1+gRx) =xr®101+gRx®1+gRgRX
=(x®1+gex)@1+(gReg)@x=AXx)@1+A(g) ®x
=(A®id)(x®1+g®x)
= (A®id)A(x)

(e®id)A(x) = (eRid)(x@1+g®x) =e(x) ® 1 +€(g) ®x
=0R1+1Rx=10x=x

(idoe)Alx)=(lde)(x@1+g®x) =x®e(l)+gRe(x)
=x®1+g00=x®1=x

gx:

(id @ A)A(gx) = (id @A) (gx @ g+ 1@ gx) = gx @ A(g) + 1 ® A(gx)
=8x®(g®e) +10(gx®g+1®ex)
=gxRgRg+1RgaxRg+1R1Rgx
= (gxRg+10g0)0g+(101)Qgx
=Algr)@g+A(l)®gx=(A®id)(gxRg+1® gx)
= (A®id)A(gx)

(e®id)A(gx) = (e®id)(gxR g+ 1®gx) = €(gx) ¥ g+ £(1) ® gx)
=0Rg+1Rgx=1Rgx=gx
([doe)A(gx) = (id®e)(gx®g+1®gx) =gx®e(g) +xe(gx)
=gl +xR0=gx®1 = gx
Hence the coassociative and conunitary maps commute for the basis elements. Therefore (H,A,¢) is a
coalgebra.

In order for H to be a bialgebra, we need A and € to be algebra maps. That is we must show the following
four diagrams commute:
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We can observe that the first map commutes the 16 basis elements of H ® H with the following computa-
tions:

(mem)(id® T ®id)(AoA)(101) m)(idoT2id)(101®11)
m(l@lolol)=1o1=A()

(I®1)

=(m®
=m®
=Am
(mem)(idT ®id)(ARA)(1®g) = (mm)(id®TRid)(121RgRg)
mm)(l®gRleg)=g®g=Ag)
=Am(1®g)

(mem)(id 2T ®id)(AQA)(12x) = (mom)(ideT Rid)(191)®@ (x®1+g®x))
=mem)(idT®id)(1®10x21)+(101®g®x))
=mem)(1ex@121+10gR10x) =x®1+g®x=A(x)
=Am(1®x)

(mm)(idT Rid)(AQA)(1®gx) = (mem)(id®T ®id)((101)® (gx@g+1®gx))
=meam)(idTRid)(10910gxRg)+(1101®gx))
=meam)(lgxe1leg+10101Rgx) =gr®g+1® gx=A(gx)
=Am(1® gx)

(m@m)(id 2T @id)(A2A) (g2 1) (i[deT®id)(gRgo1®1)
(g®1leg®])=gxg=A(g)

Am(g®1)

=
~(

m@m)
m®m)

(mam)(id®T ®id)(AQA) (g g) m)(id®T®id)(gRgRgRg)
m)(gRgRgRg)=101=A(1)

(g®¢8)

=Am

(mom)(id2T Rid)(ARA)(g®x) = (me@m)(idRT®id)((gRg)® (x® 1+ g®x))
=(mem)(id®T ®id)(gRgRx¥1+g®gRERX)
=mm)(gRrRgR1+gRgRgRX) =gx®g+ 1R gx = A(gx)
= Am(g ®x)

(m@m)(id®T ®id)(A®A)(g®gx) = (me@m)(id 9T ®id)((§®g) ® (§x® g+ 1®gx))
=(mem)(ideT®id)(§0gReg®g+g®eR 1 ®gx)
=(mam)(gRagrRgRgteRlRgRex) =x®1+g@x=A(x)
= Am(g ® gx)



(id®T ®id)(x®1+g@x)@1®1)
(i[dOTRid)(x210101+g2x01®1
=(mam)(x21olel+gelerel)=x®1+gRx=A()
=Am(x®1)

(mem)(idRT ®id)(ARA)(x®1) = (mm)
)

=(mem

(mm)(id3T Rid)(ARA)(x®g)=mem)(id3TRid) (xR 1+gRx)RgR g)
=meam)([dTRId)(xR1QRgRE+IVINIRY
=mm(xRER1RVg+gRIRIVY) =xgRg+1Rxg = A(xg)
=Am(x®g)

(meam)(idT Rid)(ARA)(x@x) = (m@m)(idRT Qid)(x@1+g®x) @ (x®@1+g®x)
=(meam)(idRTRid)(x®1xR1+xQ1QgRX+gRXRXR | +gRX®gRX)
=mam)(xRxR1R1+xRgR1Rx+gRxR xR 1 +gRgRXRX)
=0R1+xg0x+gxRx+1R0=—gx@x+gxx = A(0)
=Am(x®x)

(mam)(idT @id)(ARA) (x@gx) = (mam)(idT @id)(x® 14+ g0x)® (gx®g+ 1 @ gx)
=mm)(idRTRid)(xR1RgRg+r@11Rgx+gRIQV R g
+gRx21® gx)
=mAmAxR@RXIRVg+rR1NIRg+gREURIVE+LR 1 RxR® gx)
=0Rg+xRgx+xRxg+gR0=x®gx—x®gx =A(0)
= Am(x® gx)

(mem)(idT Rid)(AQA)(gx@1) = (mem)(idRT ®id)((gxRg+1Rgx)®1®1)
=(mm)(idT®Rid)(gxRgR1®1+10gax1®1
=meam)(gx1legR1+101gx®1)=gx®g+1®gx=A(gx)
=Am(gx®1)

(mam)(idRT Rid)(ARA)(gx®g) = (me@m)(id®T ®id)((gxRg+1R0gx) RgRg)
=(mem)(idRTRid)(gxRERERE+1REARER g
=(mem)(gx®ggRe+1RgRgx®g) = gxg®g+8®gxg = A(gxg)
=Am(gx®g)

(mam)(idT Rid)(A@A)(gx®@x) = (m@m)(ildRT Rid)((gx®Rg+10gx) xR 1+ g®x)
=mem)(idRT®id)(gxRgR xR 1 +gxRgReRIX+1RgxRx® 1
+1RgxRegRx
=(mem)(gxRxRgR1+grRgRgV1I+10x0gR1+1RgRgX®X)
=0Rg+—x®g+xRgx+g®0=A(0)
=Am(gx®g)



(mem)(idT @id)(ARA)(gx@gx) = (mm)(id@T ®id)((gx g+ 1@ gx) R gx® g+ 1 ® gx)
=meOm)(ildRT®id)(gxXRgRERVE+ RV Vg +1RgxRgx® g
+1Rga®1®gx
=(mem)(gxRgrRgRg+HR1RgRg+1RaRaRe+ 1011 gr®gx)
=0®01+gx@x+gx®—x+120=A(0)
= Am(gx ® gx)

Hence, m and A are compatible. Now we observe the second map commutes with the 16 basis elements of
H @ H with the following computations:

(e@e)(1al)=(e(h@e(l))=101=21=¢(1)=com(1®1)
(e@e)(lwg) =(e(l)we(g)) =101=1=¢(g) =eom(1®g)
(e@e)(10x) = (e(1)®e(x)) = 10020 =¢e(x) = om(1Dx)
(ee)(lwgr) = (e(1)®e(gx)) = 100=0=g(gx) = eom(l ®gx)
(exe)(gnl)=(e(g)we(l) =101=1=¢(g) =€om(gx1)
(e@e)(g®g) = (e(g)®e(g)) =1@1=1=¢(g*) =eom(g®g)
(e®e)(gnx) = (e(g) @e(x)) = 100=0=g(gx) = gom(g@x)
(e®e)(gwegx) = (e(g) ®e(gx)) =1®0=0=¢(x) = gom(g®gx)
(e@e)(x®1)=(e(x)®e(1)=001=0=¢(x)=com(x®1)
(e@e)(x@g) = (e(x)®e(g)) =01 =20=¢(xg) =€om(x®g)
(e@e)(x@x) = (e(x) ®e(x)) =0®0=20=¢(x*) = com(x®x)
(e@e)(x@xg) = (e(x) @E(xg)) = 000 = 0 = £(xxg) = € om(x Dxg)
(ewe)(gx®1) = (e(gx) ®e(1)) =00 1=0=¢g(gx) = gom(gx 1)
(e@e)(gx®g) = (e(gx)@e(g)) =0@1=0=¢g(gxg) =€om(gx®1)
(e@e)(gx@x) = (e(gx) ®e(x)) = 00020 = g(gx’) = eom(gx@x)
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(e@e)(gx®gx) = (e(gx) @ e(gx)) =000 =0 = e((gx)*) = eom(gx @ gx)
Hence, € and m are compatible. Now we observe the third map commutes for any element A € K :

Aou(d) = A(Aou(lx)) = A(A(1)) = A(1®1)
= ueu)(A(lxk®1k)) = o u)(A @ 1k)
note: A®@1Ig =2 A

Hence, u and A are compatible. Finally, we observe the fourth map commutes for any element A € K :

e(u(1)) = Ale(u(lg))) = A(e(1)) = A(1k)
=A

Hence, € and u are compabtible. We have that all four diagmrams commute so (H,m,u, A, €) is a bialgebra.



