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Homework 1 Feb. 9, 2012

(Some examples of F-algebras.) Collaborated with Seth, Katrina and Karla.
(a) Prove that F[x|®F[x] = F[x, y] as F-algebras.

Proof Let f:F[x] X F[x] = F[x, y] defined by (p(x), q(x)) — p(x)q(y).
Since F[x] and F[x, y] are vector spaces f: F[x] X F[x] — F[x, y] is a bilinear map. Thus by the Universal
Property, f descends to a linear map f: F[x]®F[x] — F[x, y].

Since f is a lit}ear map, for p; (x)®q;(x) eF[x]®F[x], ) )
f((p1(0)®q1(x)) + (p2(X)®G2(x))) = [ (p1(x)®q1(x)) + f (p2(x)®q(x))

and
) fA:1 ()®4: (1)) = Af (1 (1)®41 (%))
To show f is an algebra homomorphism, we need to show,
D f((p1(0)®q1(x))(p2(X)®q2(x))) = f(p1(X)®q1 () f (p2(x)® g2 (x))
2 f(lrxierixn) = Leixy)
D) f((p1()®q1 (X)) (P2 ()@ (x)))
=f (p1 () (P2 (x)®q1 (x)q2 (x))
= 1)) (P2()) (91 ()32 ()
=P1(0)q:1(VP2(x)32. ()
= (1 (O (NF (2 (B ()
2) f(Lreria) = F(1®1) = F(1) = Lppry).
So, f is an algebra homomorphism.
To check f is surjective, let {x™y™:n,m € N} be a basis in F[x, y]. Then f(x"®x™) = x™y™. Thus f is
surjective.
Now suppose (S e (1) @0y (1)) = 0.
This implies that ) Pr (x)q (¥) = 0, so for each k, p(x) = 0 or g (y) = 0.
If pr(x) = 0, then py (x)®qx (x) = X 0@ g (x) = 0.
And If g () = 0, then X pie (%) ® g (x) = X pre ()0 = 0.

Thus f is injective. Therefore it is an isomorphism. ]
(b) If A is a F-algebra, let My, (A) be the F-algebra of n X n matrices with entries in A. Explain briefly

why M5, (A) is a F-algebra.
Solution: Let B = My, (A) with A a F-algebra. Since 4 is a F-algebra, we know that 4 is a vector space
with entries in F. So an element of A can look something like [a; a, az ... .....]

Similar to our examples during lecture 3 we can show B is a [F-algebra since thete exists amap u:4 - B

suchthat A e A — Al = [ A i| and therefore B is a F-algebra. n
0 - A
Prove that My« (A) = My (F)® A as F-algebras.

Proof:
Let f: Myun(F) X A — My« (A) defined by

X110 Xin aXyp v AXgp
: : ,a | — : :
Xn1 " Xnn AXny 0 AXpn
We see that this map is bilinear since,

f ([xij]nxn + [yij]nxn' a) =f ([xij + yij]nxn’ a) = [xija + yija]nxn - [xija]nxn * [yija]nxn
=f ([xif]nxn’ a) +f ([yij]nxn’ a)
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and

f ([xl-j]nxn,a + b) = [xij(a + b)]nxn = [xl-ja + xifb]nxn = [xl-ja)]nxn + [xijb]
=f ([xij]nxn’ a) +f ([xij]nxn’b)

So by the Universal Property, f descends to f.
[iMpxn(F)® A = Myyn(4)

Since f is a linear map,

F (], ®) + (], ®P) ) = F (1] @) + 7 (3], ®D)

and

Now

f (([xij]nxn@)a) ([yij]nxn

and
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A[xij]nx,ﬁ‘)a) =f ([xii]nxn®a)'

f(anXn(IF)®A) = f([l]nxn®1A) =[1- Llpsn = 1Man(A).

Thus f is a homomorphism.

ker f = {[x;]  ®aeMun®) ®A:f ([x;] ®a)=

Butf([xij]nxn@)a) = f([xij]an’ a) = [xija]nxn

So f([xij]nxn@)a) =1= [x;aq]

Thus f is injective.

nxn

= [x;] =landa=1,

= [xyy] , ®a=[1nxn®1, =

1Mn><n(A)-}

IMpn(P® 4
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nxn

) = 7 (v, ®90) = [egvyab], ., = el [ist],
= F (%) ®3) F (171],1, )

To show surjectivity, let {[€;]nxn: 1 € I} be a basis for Myx, (F). Then {[e;a]xn: i € [} is a basis for

Myn (A). But [e;alnxn = f([€ilnxn @) = f([€ilnxn ® @) . Therefore, f is an isomorphism. [
() Prove that My sm (F)®@M 5y, (F) = Mpypsomn (F) as F-algebras.
Proof: Let f: Mpyxm(F) X Myxn(F) ¥ Mpppnsmn (F) defined by

X1m

([xn
Xm1

xmm

'l

Y11
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Yin

ynn
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xll[ :
yn1 .---

Y11 .
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ynn
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yTLl . cese

y%n ]

ynn
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Ynn 4

f is a binlinear map since adding 2 matrices is adding each of the corresponding entries. So by the

Universal Property, f can descend to fiMyn(F)®A = My, (A).

Since f is linear,
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( lj]me 3"kl nxn) + ([uij]mxm@)[vkl]nxn))
f([ U]mxm [YRl]nxn) +f([uij]mxm®[vkl]nxn)

and

7 (2 (5], ®Wiahuxn)) = 47 (12171 @ Wit )

To check surjectivity we check:

1) f(([Xij]mxm®[ykl]nxn) ([Uij]me®[Ukl]n><n)) = f([xijuij]me@)[yklvkl]an)

[xnun(}’klvkl) x1mu1m(3’kzvkl)]

Xm1Umi ViaVer) = XmmUmm Ykt Vi)

rn (}’kl) X1m Q’kl) ‘

mnxmn

ull(.vkl) ulm.(vkl)]

xml&ykl) xmm.(:)’kl) uml.(vkl) umm.(vkl)
:f([xij]mxm®[ykl]nxn)'f([uij]mxm@)[vkl]nxn)

2) f(lexm(IF)(aMnxn(lF)) = f([l]mxm®[1]n><n) = f([l]mnxmn) = 1an><mn(1F)

Finally we show fisan isomorphism. |



