4. e Let x,9,q be elements of a non-commutative ring such that yx = gzy,
and ¢ commutes with z and y.Consider (z + y)", let i € [n] lets find
the coefficient A of xiy"~¢. Consider the multiset M = {xiy" "¢}, we



n—i

know that in order to get how many times appears z’y we have
to consider all the possible permutations of M, and, by knowing that
g commutes with zy, reorder each permutation to get z’y"~*. Let
m € Sy, suppose that z < y so that every time that y appears before
an x it will be recorded as an inversion of m. Because ¢ commutes
with yx, whenever we set yr = qry we will get a q. Hence ¢ will
appear inv(m) times, that is the coefficient of each 'y~ is set by:
A= ZwesM g™ = (”?ﬂ) = (?)q

q

Since this happens for each i we have:
(x4+y)" =31, (7;) qxiynﬂ'

Which is what we wanted to prove.

Let z1,.,.,2m,q be elements of a non-commutative ring such that
xjx; = qu;x; for i < j and x;q9 = qu; for all i. Consider (z1 + ... +
)™, let aq, , , oy be a m-composition of n lets find the coefficient A
of x1%' .2, ™. Consider the multiset M = {x1*...2,,*™ }, we know
that in order to get how many times appears z1'...xz,,“™ we have to
consider all the permutations of M and, by knowing that ¢ commutes
as in the hypothesis, reorder each permutation to get x1%'...x,,,“™.
Let m € Sy, suppose that z; < z; for all i < j so that every time
that x; appears before an x; it will be recorded as an inversion of
7. Because ¢ commutes as stated in the hypothesis, whenever we set
zjx; = qu;x; for i < j we will get a g. Hence ¢ will appear inv(r) is
set by:

A= ZTI’ESM q’Ln’U(ﬂ') = (al,n )

1 &m

q
Since this happens for each m-composition of n we have

(x1+...+xm)”:Zal+...+am:n( " )xlal...xmam

Q1,55,0m/ g

Which is what we wanted to prove.
(I worked with Nicolas Pefia)



