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• w = (231). We can create a bijection that reverses partitions to relate the (231) case to the (132) case,
just as we did to relate the (123) case to the (321) case.
• w = (213). We create a bijection with the previous case by “inverting” the partitions. That is, (7561423)

becomes (1327465), replacing each number k with n+ 1− k. A partition is 213-avoiding if and only if
its image under this map is 231-avoiding.
• w = (312). This is the reverse of the previous case, and so by reversing partitions we obtain the

necessary bijection.
(3) (A symmetric distribution for Dyck paths) For a Dyck path P let a (P ) be the number of steps up that P

takes before its first step down, and let b (P ) be the number of times that P returns to the x-axis after it
leaves it for the first time. Prove that the statistics a and b are symmetrically distributed; that is:

∑

P Dyck

xa(P )yb(P ) =
∑

P Dyck

xb(P )ya(P )

where the sum is over all Dyck paths of length 2n.
Let

F (x, y) =
∑

P Dyck

xa(P )yb(P )

so that the statement of symmetric distribution can be summed up as F (x, y) = F (y, x), or really that the
coefficient of xjyk in F (x, y) is the same as the coefficient of xkyj .

We can accomplish this proof by showing that a bijection

{P |a (P ) = j, b (P ) = k} ←→ {P |a (P ) = k, b (P ) = j}

exists. I will actually show a stronger result—that a bijection

ϕ : {P |a (P ) = j, b (P ) = k} ←→ {P |a (P ) = j + 1, b (P ) = k − 1}

where the values make sense, i.e. 1 ≤ j < j + 1 ≤ n and n ≥ k > k − 1 ≥ 1.

The bijection ϕ is simple, and is best illustrated using the following example of a Dyck path where 2n = 11,
a (P ) = 2, and b (P ) = 4:
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This Dyck path can be represented using the word “(UUDUUUDDDD)(UUDD)(UD)(UUDUDD)”, where
parentheses are used to emphasize the b (P ) = 4 sub-Dyck paths.
Now, to increase a (P ) by 1 and decrease b (P ) by 1, we take the sub-Dyck path from x-coordinates 16-22
(“UUDUDD”) and place the first letter (always a “U”) in front of the first sub-Dyck path (shown in the image
at x-coordinate 0) and place the rest of the letters (“UDUDD”) after the first sub-Dyck path (in the image
at x-coordiante 10). The next two figures sum up this process for creating ϕ (P ) for which a (ϕ (P )) = 3
and b (ϕ (P )) = 3
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split and move over there!
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.

The inverse ϕ−1 is just as easy. Look at the first sub-Dyck path and draw a horizontal line at a height of
y = 1 starting at point (1, 1) and moving to the right and stopping at your first intersection point, as
shown by the dotted line in the previous figure. The part of the sub-Dyck path to the left and to the right
of the yellow-colored region above can be placed at the end of the entire Dyck path, adding 1 to k (and no
more because the blue region can only have one point touching the x-axis), and the yellow-colored region
moves down, decreasing n by 1, and not affecting the value of k as it only returns to the line y = 1 once by
construction.
So, by repeated application of either ϕ or ϕ−1, we can show that there is a bijection that switches the
values of a (·) and b (·). For instance, for all Dyck paths P such that a (P ) = j and b (P ) = k for some j

and k, the bijection that maps these to the set of Dyck paths with these statistics switched is ϕk−j .

(4) (Non-commutative binomial theorem.)Let x, y, q be elements of a non-commutative ring such that yx = qxy,
and q commutes with x and y. Prove that:

(x+ y)
n
=

n
∑

k=0

(

n

k

)

q

xkyn−k.

(a) For n = 0 the expression is 1 = 1, but in case we are not happy assuming that the ring has a unit (it
must for the q-analog to be defined, though) we can start our inductive process at n = 1, for which
x + y = x + y. Now assume that the above statement is true for some number n. What happens to


