
From the results in part a) and b) it’s clear that |Rn| =
∑n
k=1 n!/k! and |Dn| =∑n

k=0 n!/k!. Consider the injection j : Rn → Dn (you may consider each πa ∈ Rn as
a different elements, for example 1233 can be viewed as 123, 1− 23, 12− 3) defined by

j(p1 . . . pk − pk+1 . . . pn) = p1 . . .p2 . . .pk . . . pn

where the RHS means that the elements p1, . . . , pk are decorated (negative and fixed)
and the elements pk+1, . . . , pn are placed in the slots that remain left in the same way
that they appear. To see this clearly consider again the example j : R3 → D3.

↗ 1− 23 7→ 123
1233 → 12− 3 7→ 123

↘ 123 7→ 123

1322 ↗ 1− 32 7→ 132
↘ 13− 2 7→ 123

2131 → 2− 13 7→ 123

2312 ↗ 2− 31 7→ 321
↘ 23− 1 7→ 123

3121 → 3− 12 7→ 123

3211 → 3− 21 7→ 213

The map j is clearly an injection because if j(p1...pn) = j(q1...qn) then the decorated
numbers must be the same, this implies that the leftmost run of p1...pn is the same
of q1...qn and the nondecorated elements appear after the run in the same order, thus
p1...pn = q1...qn. Note that not only every element in the image of j has at least one
decorated number, but also elements of Dn that have at least one decorated number
have a preimage (the inverse is quite clear to see from the construction of j). Thus
Dn = j(Rn) ∪ N where N = {π ∈ Sn : π non − decorated}. And it is clear that
N = Sn therefore

|Dn| = |Rn|+ |Sn| = |Rn|+ n!

2. Recall that there exist a bijection φ from the permutations that avoid (321) in Sn to the
set of dyck paths of length 2n. The bijection consists of placing n X′s in a n × n board
with coordinates (i, j), such that j is the value of the ith number in the permutation seen
from left to right. The dyck path is constructed by walking to the right until the first X
appears, after which I walk down until I reach a row with a X on the right, and the process
is repeated. See image for better understanding.

(251347968) 7→ (213495678) 7→

The construction of the inverse image is made by putting an X in the peaks of the path.
These X’s will produce an incomplete permutation that avoids (321). Since in most cases
the board is still incomplete, I will complete the board by blocks. I consider a block to have
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as top right corner a X belonging to the peak of the path. Since I must avoid things like

the only possible way of doing this is by putting the X’s in the ↘ direction.

So the permutations in Sn that avoid (321) are in bijection with 2n-length dyck paths. Note
that there is a bijection between (321)-avoiding permutations and (123)-avoiding permuta-
tions in Sn. Consider the map Φ : Sn → Sn defined by (p1p2 . . . pn) 7→ (pnpn−1 . . . p1). Φ
is clearly a bijection, more importantly if (p1...pn) avoids (321) then (pn...p1) avoids (123),
otherwise there would be i1 < i2 < i3 such that pn−i1 < pn−i2 < pn−i3 which is not possible
because n− i3 < n− i2 < n− i1 and (p1...pn) avoided (321).

Therefore the permutations that avoid (123) are too in bijection with 2n-length dyck paths.

Now consider the set of permutations in Sn that avoid (312). I may build a dyck path from
any of these permutations the same way as φ does. Call this new map ψ. to construct
the inverse image, make the same process of φ (inserting X’s in the peaks of the path) but

now the kind of configurations we don’t like are like this . So to guarantee that the

path can be used to construct a unique permutation avoiding (312) each block must contain

configurations of the form only, because two distinct blocks have X’s that are either

all higher or all smaller than any X in the other block. Just like φ, there is only one way of
doing it. See for example

| ψ
−1

−−−→ (254317986) | ψ
−1

−−−→ (213498765)

Therefore (312) are in bijection with 2n-length dyck paths under ψ. This implies that (213)
is also in bijection with the paths under Φ ◦ ψ. It only remains to show that (132) and
(231) are in bijection too.

Consider the bijection ϕ : Sn → Sn that maps (p1, . . . , pn) into (n− p1, n− p2, . . . , n− pn).
This is also a bijection since n − p = n − q implies p = q. I claim that if (p1...pn)
avoids (312) then ϕ(p1...pn) avoids (132). Suppose by contradiction that (p1...pn) avoids
(312), but ϕ(p1...pn) does not avoids (132). Then there exists i1 < i2 < i3 such that
n− pi1 < n− pi3 < n− pi2 ⇔ pi2 < pi3 < pi1 , so (p1...pn) contains a (312) and we obtain a
contradiction. Therefore the permutations that avoid (132) are in bijection with those that
avoid (312). Thus,

{Dyck p2n}
φ−1

−−→ Sn(321)
Φ−→ Sn(123)

{Dyck p2n}
ψ−1

−−−→ Sn(312)
Φ−→ Sn(213)

Φ−1◦ϕ−−−−→ Sn(132)
Φ−→ Sn(312)

And the conclusion follows.

3. Idea from fcastillof Lets see that a dyck path of length 2n can me mapped to a full binary
tree. Consider a dyck path of the form uudu...d and the following process: create a single
node x1 and make it the current one. Starting from the leftmost position and moving from
left to right, if the movement in the path is u add a left child to the current node and make
it the current one. If, on the other hand, the movement is d then add a right child to node
if it already had a left child and make it the current, if it didn’t, then make the parent
the current and add a right child to the parent node if it didn’t had already a right child,
if it did repeat this last step and make it current. This process will actually give a full
binary tree because: A node has 0 children when it is the child of a node generated by the
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