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1. a) The number of decorated permutations with exactly k + symbols are n!
k! , because each permutation

with k + symbols can be constructed in the following way: choose the k positions where + is going
to be, suppose that there are {i1, . . . , ik}, in the position ij set the element +ij . In the remaining
positions set any of the remaining elements {l1, . . . , ln−k}, but if the element lj is set in the position
lj then put − in front of it, i.e., set −lj . By construction this is a decorated permutation. There are(
n
k

)
ways to choose where + is going to a be, and there are (n − k)! ways to choose the remaining

elements, so there are
(
n
k

)
(n−k)! = n!

k! ways to construct a decorated permutations with k + symbols,

then
∑n

k=0
n!
k! decorated permutations.

b) The number of permutations w with leftmost run of length i and such that w(i) = k, for some k ≤ n,
are: (

k−1
i−1

)
(k − i)(n− i− 1)!

Because there are k − 1 elements smaller than k and we have to choose i− 1 to set they (increasing
order) before k, which is in the ith position. The element who is in the position i + 1 should be
smaller than k, so there are k − i elements to choose. Then, the n− (i+ 1) positions remaining can
be filled with any of the n− (i+ 1) remaining elements, and there are (n− i− 1)! ways to do that.
Then, the number of permutations with leftmost run of length 1 < i < n is:

n∑
k=i+1

(
k − 1

i− 1

)
(k − i)(n− i− 1)! =

(n− i− 1)

(n− 1)!

n∑
k=i+1

(k − 1)!

(k − i− 1)!

=
(n− i− 1)

(n− 1)!

n−1∑
k=i

k!

(k − i)!
= i(n− i− 1)!

n−1∑
k=i

(
k

i

)
= i(n− i− 1)!

(
n

i+ 1

)
n!i

(i+ 1)!

and there is only one leftmost run of length n, so the average is:

n

n!
+

n−1∑
i=1

i2

(i+ 1)!

The difference between

n−1∑
i=1

i2

(i+ 1)!
and

n−1∑
i=1

1

(i+ 1)!
is:

n−1∑
i=1

i2

(i+ 1)!
−

n−1∑
i=1

1

(i+ 1)!
=

n−1∑
i=1

(i− 1)(i+ 1)

(i+ 1)!
=

n−1∑
i=1

1

(i− 1)!
−

n−1∑
i=1

1

i!

n−2∑
i=0

1

i!
−

n−1∑
i=1

1

i!
= 1− 1

(n− 1)!

then

1

(n− 1)!
+

n−1∑
i=1

i2

(i+ 1)!
= 1 +

n−1∑
i=1

1

(i+ 1)!

2. If a permutation w = w1 . . . wn avoid the pattern abc then the reverse permutation wn . . . w1 avoid the
pattern cba. Since in some lecture is proved that the number of permutations in Sn avoiding 321 is Cn

then the permutations avoiding 123 is Cn.

For 231: Let proceed by induction, the case for n = 1, 2, 3 is clear, so assume that the number of
permutation of St, t < n, which avoids 312 is Ct. Let Sn(k) the permutations w = w1 . . . wn ∈ Sn such
that wk = n, then :

w avoids 231 ⇔ w1 . . . wk and wk+1 . . . wn avoids 231
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(⇒) This direction is evident. For ⇐, by contradiction suppose that w has 231 pattern, and let wawbwc,
a < b < c, be the pattern in w. If c ≤ k or a > k there is a contradiction because wawbwc would be
in w1 . . . wk or in wk . . . wn, then a < k and c > k, but this is a contradiction too because wawb1 is
in w1 . . . wk and has the pattern 231. Since is possible to identify w1 . . . wk and wk+1 . . . wn with some
permutations of Sk and Sn−1−k that avoids 231, so #Sn(k) = CkCn−1−k by the induction hypothesis.
Considering all possible values of k we obtain the number of permutations in Sn that avoid 231, then
there are

∑n
k=1CkCn−1−k, which is the Catalan number Cn

And we get the case of 132 by the argument of the reverse permutation. The case of 213 (then 312) is
very similar taking wk = n.

3.

4. a) Let’s do it by induction, for n = 1:

x+ y =

(
1

0

)
q

y +

(
1

1

)
q

x =

1∑
k=0

(
1

k

)
q

xky1−k

The inductive steep:

(x+ y)n+1 = (x+ y)n(x+ y) =
n∑

k=0

(
n

k

)
q

xkyn−kx+
n∑

k=0

(
n

k

)
q

xkyn+1−k

n∑
k=0

(
n

k

)
q

qn−kxkyn−k +
n∑

k=0

(
n

k

)
q

xkyn+1−k

=

n+1∑
k=1

(
n

k − 1

)
q

qn+1−kxkyn+1−k +

n∑
k=1

(
n

k

)
q

xkyn+1−k + yn+1

= xn+1 +

n∑
k=1

((
n

k − 1

)
q

qn+1−k +

(
n

k

)
q

)
xkyn+1−k + yn+1

xn+1 +

n∑
k=1

(
n+ 1

k

)
q

xkyn+1−k + yn+1 =

n+1∑
k=0

(
n+ 1

k

)
q

xkyn+1−k

b) Again by induction, for n = 1:

x1 + · · ·+ xm =

(
1

1, 0, . . . , 0

)
q

x1 + · · ·+
(

1

0, . . . , 0, 1

)
q

xm =
∑

k1+···+km=1

(
1

k1, . . . , km

)
q

xk11 · · ·xkmm

Before the inductive steep:

qn−k1

(
n− 1

k1 − 1, . . . , km

)
q

+ · · ·+ qn−(k1+···+ki)

(
n− 1

k1, . . . , ki − 1, . . . km

)
q

+ · · ·+
(

n− 1

k1, . . . , km − 1

)
q

=
[n− 1]!([k1]q

n−1−k1 + · · ·+ [ki]q
n−1−(k1+···+ki) + · · ·+ [km])

[k1]! · · · [km]
=

(
n

k1, . . . , km

)
because

[k1]q
n−1−k1 = qn−1−k1 + · · ·+ qn−1

...

[ki]q
n−1−(k1+···+ki) = qn−1−(k1+···+ki) + · · ·+ qn−1−(k1+···+ki−1)

...
[km] = 1 + · · ·+ qkm−1

⇒ [k1]q
n−1−k1 + · · ·+ [ki]q

n−1−(k1+···+ki) + · · ·+ [km] = [n]
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