
From this, we conclude that the answer is 1
2n

∑n
i=0

(
n
i

)
(n− 2i)k.

Problem 4
We use a proof by induction. For the base case, n = 1, it is clear that the

answer is 1, because there is only one permutation in S1. Note that for n = 2,
the answer is 2: the permutations (1)(2) and (21) (in standard cycle notation)
both work. Now suppose that the answer is fk+1 for k < n+ 1. Let us see what
property a permutation w must satisfy for its image under the fundamental
transformation to be itself. Let us say that the first cycle in standard notation
is (a1a2 . . . ak). Then, since the image under the fundamental transformation
is a1a2 . . . ak . . . , then this means w(1) = a1, so ak = 1. Also, w(2) = a2,
so a1 = 2, and so on (for i < k, we obtain ai = i + 1). Note that, since we
are looking at standard cycle notation, a1 must be the greatest element of the
sequence. But if k > 2, then a1 = 2 and ak−1 = k > 2, so this cannot happen.
Thus, the first cycle is (1) or (21). In the first case, substract 1 from all the
remaining numbers to obtain the case for n, and in the second case substract
2 to obtain the case for n − 1. Therefore, the answer for n + 1 is equal to the
answer for n plus the answer for n − 1. By induction hypothesis, this means
that for n + 1 the amount of w’s that satisfy the property is fn + fn+1 = fn+2.

Problem 5
The answer is n!, and we do a proof by induction. For n = 1, the only

full sequence is 1. Suppose that we have already constructed the full sequences
for n − 1. Call this set of full sequences Fn−1 and assume that we know that
|Fn−1| = (n− 1)!. Now, we construct a bijection from {1, . . . n} × Fn−1 to Fn:
given an i and a (n− 1)-full sequence S, first we consider the slot where we are
going to introduce the n-th element. If i < n, then this slot is: right before the
i-th element of the S. If i = n, then the slot is simply after the whole sequence.
In any case, having a fixed S and a slot, we calculate the maximum possible
value that can be introduced in the slot so that the new sequence is still full.
Note that this value is either the maximal element of the original S (we can
always add this element) or that plus one (when the maximal appears before
the slot). The resulting n-full sequence will be the image of the pair (i, S).

To prove that this function is a bijection, we note that it has an inverse.
Given a n-full sequence R, find the first appearance from left to right of the
maximal element that appears in R. Suppose that the position in which the
maximal element m first appears is p. Then, the preimage of R is (p, S), where
S is obtained from R by erasing that first appearance of m in R (or, in other
words, erasing the p-th element of R). Also note that R has no other possible
pre-image: the index is clearly one of the indices where m appears, but if we
choose one which is not the first appearance then the maximum element that
we can place in that slot is m + 1, not m, because there would be an m before
the slot.
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