
By splitting the sum according to how many 1’s and −1’s there are in a ∈ A.
When there are n − i 1s and i −1s, (x1 + . . . + xn)k = (n − 2i)k and there
are

(
n
i

)
a ∈ A with such property. Both equations yield the desired result

as there are 2n elements in A.
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We first check that permutations that are fixed may only have cycles of
length at most 2. For example suppose one has a cycle of length three and
after the transformation we get a permutation

n n+ 1 n+ 2

a b c

then n maps to a, c maps to a so n = c. n + 1 maps to b and a maps to b
so n + 1 = a. n + 2 maps to c and b maps to c so b = n + 2. Then (a, b, c)
= (n + 1, n + 2, n) which is not in standard form so it can’t happen. for
the case n = 1 there is only one permutation and it is fixed. for the case
n = 2 there are two permutations, the identity (1)(2) which is fixed, and the
transposition (21) which is also fixed so the first number is 1 and the second
is 2. Now we check the number follows the Fibonacci recurrence. If the
permutation end with a cycle of length 1, this cycle has to be (n) because
of the standard representation, and so n is mapped to n in cycle notation
and after the transformation n is also mapped to n so before (n) we need a
permutation of [n− 1] that is fixed under the transformation.

Now if the permutation ends in a cycle of length 2 then such cycle starts
with n and because it is fixed, n− 1 must be mapped to n and because the
cycle has length 2, n must be mapped to n− 1, then the permutation ends
with the cycle (n, n−1) and before this cycle we need a permutation of [n−2]
that is fixed under the transformation. This is the Fibonacci recurrence.
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Let σ ∈ Sn and we construct a full sequence of length k. Let aσ(1) = 1
and recursively if aσ(j) = i then aσ(j+1) = i if σ(j + 1) < σ(j). Else if
σ(j + 1) > σ(j), aσ(j+1) = i + 1. Then by construction if i ≥ 2 and if
aσ(i) = k + 1 ≥ 2, aσ(l) = k for some σ(l) < σ(i).
In such way we put 1’s in the positions indicated by σ while its value de-
creases, then when the value increases we start writing 2’s in the positions
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