
HOMEWORK 2ND WEEK

FEDERICO CASTILLO

Abstract. I’m not registered because I already had too many
credits (mandatory courses for newcomers and anne schillings’ spe-
cial topics) but I am very interested in the subject, combinatorics
is my favorite area, and I’m trying hard each problem in the home-
work. Here are the two for this week, and since I did not hand you
anything last week, I added an extra problem of last week that I
found very fun.

(1) Handout 1 b) Let k, n ≥ 1. Find an expression for fk(n), the
number of sequences ∅ = S0, S1, · · · , Sk = ∅ of subsets of [n] if
for all 1 ≤ i ≤ k we have either (i) Si−1 ⊂ Si and |Si−Si−1| = 1,
or (ii) Si ⊂ Si−1 and |Si−1 − Si| = 1

Solution: The sequence consists of k steps, on each step we
add or remove one single element. For any m ∈ [n] define Pm

to be the subset of [n] indicating in which steps m was used
(either by adding it or removing it). Clearly Pm has even size,
since we add the element the same number of times we remove
it. Moreover P1, P2, · · · , Pn is a set partition of [k], because in
each step we use one and only one element in [n]. And given
any ordered set partition P1, P2, · · · , Pn of [k] (with every set
of even size!), one can recover the sequence: for each element
the only way to go is to add it in the smallest step, and then
continue alternating removing-adding-removing.

So we have a bijection and now we want to count the number
of such partitions. An expression for fk(n) could be

fk(n) =
∑

a1+a2+···+an=k

(
k

a1, a2, · · · , an

)

Where the sum is taken over all sequences {a1, a2, · · · , an} of
even nonnegative even integers satisfying a1 +a2 + · · ·+an = k.

We will use an exponential generating function to obtain a
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closed form for that sum. Consider the exponential generat-
ing function

∞∑
j=0

x2j

(2j)!
=
ex + e−x

2
= cosh(x)

The important observation is that

fk(n) =
∑

a1+a2+···+an=k

(
k

a1, a2, · · · , an

)
=

[
xk

k!

](
ex + e−x

2

)n

i.e. the coefficient of xk

k!
in the series

(
ex + e−x

2

)n

Expanding yields(
ex + e−x

2

)n

=
1

2n

n∑
i=0

(
n

i

)(
e−x
)i

(ex)n−i

=
1

2n

n∑
i=0

(
n

i

)
ex(n−2i)

And now it is clear that

fk(n) =

[
xk

k!

]
1

2n

n∑
i=0

(
n

i

)
ex(n−2i)

=
1

2n

n∑
i=0

(
n

i

)
(n− 2i)k

(2) Handout 1 3 a) Show that the total numberof cycles of all
odd permutations of [n] and the total number of cycles of all
odd permutations of [n] differ by (−1)n(n− 2)!. Use generating
function.

Solution: The first important observation is that if a permu-
tation π has k cycles, then its sign is (−1)n−k. This is because
each cycle of length l uses l − 1 generators (and each cycle use
different generators), and the sum of all the lengths is n. So
what we want to evaluate is

n∑
k=1

k · c(n, k)(−1)n−k


