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1. (a) We observe that the quantities k
(
n
k

)
and n

(
n−1
k−1
)

both count the number k-subsets

of [n] with a decorated element: For the former, we choose the subset first (
(
n
k

)
choices), and then choose the decorated element from among the elements of the
subset (k choices), while for the latter, we choose the decorated element first
(n choices), and then choose the rest of the elements of the subset from the
remaining n− 1 elements of [n] (

(
n−1
k−1
)

choices). Hence,

k

(
n

k

)
= n

(
n− 1

k − 1

)
Dividing both sides by k yields the desired identity.

(b) We observe that the summand on the left-hand side corresponding to index i
counts the number of (k+ 1)-subsets of [n+ 1] with largest element i+ 1: Since
the remaining elements of the subset form a k-subset of [i], there are

(
i
k

)
such

subsets. Additionally, since the largest element of a (k+1)-subset of [n+1] must
be greater than or equal to k + 1 and less than or equal to n+ 1, summing over
k ≤ i ≤ n counts the total number of (k + 1)-subsets of [n+ 1], and hence

n∑
i=k

(
i

k

)
=

(
n+ 1

k + 1

)

(c) We claim that, if we view x as a positive integer, the left- and right-hand sides of
the equation both count the number of ways to choose n balls from a collection
of n blue balls and n red balls and to assign a number from [x] to each of the
blue balls selected.

On the left-hand side, we condition on k, the number of blue balls selected.
Note that if we select k blue balls, we must select n− k red balls. There are

(
n
k

)
ways to select k blue balls from the n blue balls,

(
n
k

)
ways to select n − k red

balls from the n red balls (since
(
n
k

)
=
(
n

n−k
)
), and xk ways to assign numbers

to the blue balls we’ve chosen. Hence, there are
(
n
k

)2
xk ways to select n balls, k

of which are blue, and to assign a number from [x] to each of the selected blue
balls. Summing over k yields the total number of ways to select n balls and
assign numbers to the selected blue balls.

On the right-hand side, we condition on j, the number of blue balls selected
and assigned numbers in [x − 1]. Notice that j can be any number between 0
and n. We can select n balls and assign j of the selected blue balls numbers in
[x−1] by first selecting j of the n blue balls (

(
n
j

)
ways), assigning each a number

in [x− 1] ((x− 1)j ways), and then selecting n− j of the remaining 2n− j balls



and assigning the number x to any blue balls among these n − j balls (
(
2n−j
n

)
ways, since

(
2n−j
n

)
=
(
2n−j
n−j

)
). Summing over j thus yields the total number of

ways to select n balls and assign numbers in [x] to the selected blue balls.

It follows from the above that the left- and right-hand sides are equal for every
x ∈ Z>0. Since the left- and right-hand sides are both polynomials in x that
agree for infinitely many values of x, they must be equal (as polynomials).

2. We first observe that there is a bijection between binary words with m 0s, n 1s, and k
runs, and pairs of sequences of the form (a1, . . . , ak), (b1, . . . , bk+1) satisfying aj ≥ 0
for each 1 ≤ j ≤ k, a1 + · · ·+ ak = n, bj ≥ 0 for each 1 ≤ j ≤ k + 1, bj ≥ 1 for each
1 < j < k + 1, and b1 + · · · + bk+1 = m. This bijection is straightforward: Given an
appropriate binary word, define aj to be the number of 1s in the jth run, and define
bj to be the number of 0s between the (j − 1) and the jth runs (or between the start
of the word and the first run if j = 0, or between the kth run and the end of the word
if j = k+ 1). Further, these sequences may be chosen independently, and they are in
bijection with the set of k-compositions of n and the set of weak (k+ 1)-compositions
of m − (k − 1), respectively. It follows that if we define b(m,n, k) to be the number
of binary words with m 0s, n 1s, and k runs, then

b(m,n, k) =

(
n− 1

k − 1

)(
m+ 1

k

)
3. (a) We’ll call the sequences described in the problem statement “cover sequences of

length k” or “k-cover sequences”. We first observe that for each 1 ≤ i ≤ k, if
Si ⊃ Si−1 and |Si − Si−1| = 1, then it must be the case that Si is obtained from
Si−1 via addition of a single element of [n] − Si−1; likewise, if Si ⊂ Si−1 and
|Si−1 − Si| = 1, then Si is obtained from Si−1 by deletion of a single element
of Si−1. Hence, a k-cover sequence is uniquely determined by its initial subset
S0 and the sequence (s1, . . . , sk), where for each 1 ≤ j ≤ k, sj is either the
element of [n]−Sj−1 that is added to Sj−1 to produce Sj or sj is the element of
Sj−1 that is deleted to produce Sj . That is, there is a bijection between k-cover
sequences of [n] and pairs (S0, s), where S0 ⊆ [n] and s = (s1, . . . , sk) is a k-tuple
of elements of [n] (which we can think of as a word of length k over the alphabet
[n]). (For the reverse direction, given S0 and s, we can determine S1, . . . , Sk
according to the rule that for each 1 ≤ j ≤ k, Sj = Sj−1 ∪ {sj} if sj /∈ Sj−1 and
Sj = Sj−1 \ {sj} if sj ∈ Sj−1.) It follows that the number of k-cover sequences
of [n] is 2nnk (since there are 2n choices for S0 and nk choices for s, and these
choices are independent).

(b) It follows from the bijection given in (a) that k-cover sequences with S0 = Sk = ∅
correspond to words of length k over [n] in which each element of [n] appears an
even number of times (since odd appearances correspond to insertions and even


