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1. (a) For the remaining digit we have 8 posibilities. Now suppose we have
a third digit choosen. We have 35 ways to have a number consisting
of only those 3 digits. But we have to substract when one of the
numbers was never used, that is 3 ∗ 25 and add again (because they
were substracted twice) the cases when only one number was used,
that is 3. So the answer is 8 ∗ (35 − 3 ∗ 25 + 3) = 1200.

(b) Note that to achieve getting from (0, 0) to (8, 8) in 16 steps all steps
must be right or up. The number of paths from (0, 0) to (n,m) going
up or right are

(
n+m
n

)
, as we must choose n of the n + m paths to

be the right-steps. Then there are
(
5
2

)
paths going from (0, 0) to (2, 3)

and from (2, 3) to (8, 8) the are
(
11
6

)
. But we have to take out the

paths that go through (6, 5), so there are
(
6
4

)
paths going from (2, 3)

to (6, 5) and
(
5
2

)
paths going from (6, 5) to (8, 8). So the total number

of paths that go through (3, 2) and avoid (6, 5) are(
5

2

)((
11

6

)
−
(

6

4

)(
5

2

))
= 10 ∗ (462− 150) = 3120

(c) As the first and last teams are fixed we can suppose there are just 16.
Moreover, as Tolima and great Santa Fe are sticked together, we can
suppose they are a single team and work with 15 teams. If we choose
which are the 3 spots where Cali, Junior and Huila are, they are fixed
as the order is fixed. For the rest of the spots we have 12! posibilities.
So in total we have

(
15
3

)
12! = 217945728000

2. (a) If the first letter was A, we have wn−1 ways to complete the word.
If the first letter was B or C, the second letter must be an A and
therefore we have wn−2 ways to finish the word. So for n > 1 we have
wn = wn−1 + 2wn−2 and the first cases are w0 = 1 and w1 = 3.

(b) Let W (x) =
∑∞

n=0 wnx
n. Then W (x)−xW (x)−2x2W (x) = 1 + 3x−

x = 1 + 2x Then W (x) = 1+2x
1−x−2x2

(c) As 1− x− 2x2 = (1−2x)(1+x) we have for some numbers A, B that
W (x) = 1+2x

1−x−2x2 = A
1−2x + B

1+x . But this implies equalities A+B = 1

and A−2B = 2. Solving the linear system we get A = 4
3 and B = −1

3 .

Then we have W (x) = 4
3(1−2x) −

1
3(1+x) . This means wn = 2n+2−(−1)n

3

(d) Consider the following algorithm: first choose which between B or C
is going to be the next consonant (sopposing there is one). Then for
each slot, if its the first one or its preceeded by an A, choose whether
to put an A or to put the next consonant, and if it is preceeded by a
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consonant, choose again which is going to be the next consonant, either
B or C. In any case place an A in that slot. For each decision wehave
2 choices, for a total of 2n+1 posibilities. Now we have generated all
posible words, but for those words which a next consonant was chosen
but never placed (the ones which finished with an A), we are counting
them twice. But there are clearly wn−1 words ending with an A. So
we have wn = 2n+1 − wn−1. Applying that identy several times we
end up with

wk =

k+1∑
i=0

2n+1−k(−1)k

=
2n+2 − (−1)n+2

2− (−1)

=
2n+2 − (−1)n

3

3. Let y = x1x2 · · ·xk. Then

y

(1− x1) · · · (1− xk)(1− y)
= y(1+x1+x2

1 . . .) · · · (1+xk+x2
k . . .)(1+y+y2 . . .)

Lets se how many times does the term xn1
1 · · ·x

nk

k appear when expanding
the RHS of the equation. If the term given by the y series is ym, we must
have that for all i ≤ k the term from the xi series must be ni −m − 1.
In particular m ≤ ni − 1 for all i ∈ {1, 2, . . . k}. So for each such m
we have a xn1

1 · · ·x
nk

k . As there are min(n1, . . . nk) such m’s, from 0 to
min(n1, . . . nk)− 1, we have

y

(1− x1) · · · (1− xk)(1− y)
=

∑
n1,...nk≥0

min(n1, . . . nk)xn1
1 · · ·x

nk

k

4. Consider

n times︷ ︸︸ ︷
1 + 1 + . . . + 1. For each of the +’s, chose wether to leave it

alone, change it by ) + ( or change it by )) + ((. Of course we add (( at
the begining and )). This gives us a composition of compositions, where
the first level of brackets means the original composition of n, and the
second level of brackets are the composition of the terms of the original
composition. This gives us 3k−1 ways to do this (3 for each +).

5. For ck(n), we can start the composition by 1, 2,... or k, meaning ck(n) =
ck(n − 1) + ck(n − 2) . . . ck(n − k). As ck(n − 1) = ck(n − 2) + ck(n −
3) . . . ck(n − k − 1) we have ck(n) = 2ck(n − 1) − ck(n − k − 1). Let
C(x) :=

∑
n≥0 ck(n)xn. As ck(0) = ck(1) = 1, ck(1) − 2ck(0) = −1. The

recursive identity works for n > 1 (assuming ck(n) = 0 for n < 0). Then
(1− 2x + xk+1)C(x) = 1− x. So C(x) = 1−x

1−2x+xk+1 .
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