1. Generating functions of sequences which are eventually polynomial. For a
function f : N — N prove that the following are equivalent:

(a) There exists a polynomial F(x) of degree d such that f(n) = F(n) for
all sufficiently large integers n.

(b) There exists a polynomial g(z) such that

En>of(n)z"™ = (19(;3))51“-

Proof. (=): Suppose there exists a polynomial F(z) of degree d such that
f(n) = F(n) for all sufficiently large integers n. Then we can write

Yosof(n)z™ = fO)+f(Da+- -+ f(n—1)2" '+ F(n)a" + X150 F (n+i)z" .

Claim: The series Eizlidxi*I = %. We prove the claim by induction:

The case when d = 1 is done. Suppose it is true for d = n Then

p(x)

- i—1 __ 2 _
Ziz]_ln.'lfz —1+2n$+3n$ —‘r—m

Multiplying this series by x and then differntiating term by term we have
Vst = 14 20y 4 30 g
d __px) _ p@)(-z)+(nt+l)p(z)

@z T=—a) T — A—z)+2
assumption F(z) = agr® + --- 4+ a1z + ag. Then

Therefore since we’ve proved the claim. By

Fn+i)=agn+i)+ - +ai(n+1i)+ap = cqgi®+ ... c1i + co.
where each ¢; doesn’t involve i. We can rewrite ¥;>1F(n +7)2" " as
Eizl(cdid—i—- . -—l—cli—i—co)x”"’i = cdw”Eizlidmi_1+~ . -+clx”2i21ixi_l—i—cox”Eizlmi_l.
and by the claim we have:

cqx™pa(x) c1z™p1 () cox™

) n i anri _ a e/ e .
Li>1F(n +1) (1— z)d+! (1-z)32  (1-x)

Then

no_ n . Car"pa(x) caxpr(x)  coz™
Ynsof(n)z™ = fO)+f(1)a+ - -+F(n)zx +ﬁ R (10_ S

% by writting each of the terms above as a poly-

nomial over (1 — z)?*! and collecting terms.

which can be written



(«<=) The series
1

g =l )

Since ((djl)) = (dgi)) we can write the series in choose notation as Eizo(
Let

djz) .fL'i.

g(x) = apz® + -+ a1z + ao.

Then by multiplying and collecting terms of the same degree we have

d+i—k d+i\
(lf(f‘))d""lzzi—o(ak< CZZ >++a0< dl)xz

where the term ay, (‘H;*k) is zero for i < k. For each coefficient a; of g(x)

define p,,; (i) = (d+fi_j). Then
(t—j+d)! (i—j+d)i—j+d—=1)...(¢—j+1)

— — f— .d DY )
Pa; = (d!)(z’ —j)! = al = cqi"+- - -4critcy

and so pq, (i) is a polynomial. Let f(n) be the coeficients of the above series.
Then for n > k f(n) = X¥_pa, (n) is polynomial. O



