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1. (with Jose Samper) Consider the ideals In =
{

f ∈ R : f(x) = 0∀x ∈ [0,
1
n

]
}

. Clearly we have

Ii ⊂ Ii+1. So lets consider the infinite chain I1 ⊂ I2 ⊂ . . ..
⋃

i Ii = A is an ideal of R. If A were a finitely generated ideal, then we will get that at
some point the infinite chain would break, i.e. there would exist k such that Ik = Ik+1 = . . .,
but that is not the case (since the intervals are strictly decreasing). So A, is a not finitely
generated ideal.

2. • Does the grlex order have the finite interval property?
Yes. Between the monomials a < b there are finite total-degrees (the sum of the degrees
of each xi in the monomial) to check, each of them having a finite number of monomials
with that total-degree (in fact, the numbers of monomials in n variables with total-
degree equal to d is exactly

(d+n−1
n−1

)
). So there exist finitely many monomials c such

that a < c < b.

• Does every monomial ordering have the finite interval property?
No. For lex we have 1 < xk < y for infinitely many k.

3. (a) In grevlex we have that for any monomial m, m > 1 because deg(1) = 0. Suppose that
monomials m1 =

∏
xαi

i and m2 =
∏

xβi
i are such that m1 > m2, then if we multiply

m =
∏

xγi
i at both sides of the inequality, we will be comparing αi + γi with βi + γi

which is the same to compare αi with βi, so the order is preserved and mm1 > mm2.
And it is clear that it is a total order.

(b) Let’s compare monomials a and b. If deg(a) > deg(b), a > b in grlex and grevlex. If
deg(a) = deg(b) we have ax+ay = bx+by ( ax is de degree of x in monomial a, analogous
for the rest). Note that ax > bx ⇐⇒ ay < by because of the previous equality, so a > b
in grlex iff a > b in grevlex. In F[x1, x2, x3] this is not necessarily true, for example
x2

1x
5
2x

2
3 > x3

1x
3
2x

3
3 in grevlex, but it is the other way in grlex

(c) lex x3y > x3z2 > x2y2z > x2yz2 > x2z2 > x2z > x2 > xy2z

grlex x3z2 > x2y2z > x2yz2 > x3y > x2z2 > xy2z > x2z > x2

grevlex x2y2z > x3z2 > x2yz2 > x3y > xy2z > x2z2 > x2z > x2

4. (a) In order to compare monomials m1 and m2 with the vectors vi = [0, 0, · · · , 1, · · · , 0] with
1 in the ith coordinate, what we are doing is to compare the degree of xi independly in
the ith comparison, that is exaclty what lex do.
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