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1. Let R be the ring of continuous functions on [0, 1]. Let I be the ideal of
function that are zero on some neighborhood of zero,

I = {f ∈ R : ∃ε > 0 with f = 0 on [0, ε]}.

Let 〈f1, . . . , fm〉 be any finite subset of I and let ε1, . . . , εm > 0 so that fi = 0
on [0, εi]. For every h ∈ 〈f1, . . . , fm〉, h = 0 on [0,min{ε1, . . . , εm}]. Let
0 < ε < min{ε1, . . . , εm} and find g ∈ R so that {g = 0} = [0, ε]. Then
g ∈ I\〈f1, . . . , fm〉. Thus I cannot be finitely generated.

2. Claim: The grlex ordering satisfies the finite interval property.
Suppose xa <grlex xb. Then |a| ≤| b|. For any xa < xc < xb, |a| ≤| c| ≤| b|.

Since there are only finitely many monomials xc with |c| ≤| b|, there can only
be finitely many c with xa < xc < xb.

On the other hand, <lex does not have the finite interval property. Using
lex with x < y, we have that for every n > 1, x < xn < y.

3. a) Claim: grevlex is a monomial ordering. Since deg(1) = 0 ≤ deg(xα)
for all α, we have 1 ≤grevlex xα.

Suppose α,β, γ ∈ Nn with xα ≤ xβ . Then

deg(xαxγ) = deg(xα) + deg(xγ) ≤ deg(xβ) + deg(xγ) = deg(xβxγ)

If we have equality above, then let k be largest integer for which the exponent of
xk in xαxγ and xβxγ differ. For k < l ≤ n, αl+γl = βl+γl and αk+γk &= βk+γk.
Subtracting off γ gives that for k < l ≤ n, αl = βl and αk &= βk. Since xα ≤ xβ ,
we must have αk < βk, implying αk + γk < βk + γk. So xαxγ ≤grevlex xβxγ .

b) Claim: The grevlex and grlex orderings are the same on F[x1, x2].
For any a = (a1, a2), b = (b1, b2) ∈ N2,

xa1
1 xa2

2 <grlex xb1
1 xb2

2 ⇐⇒ a < b or (a = b and a1 < b1)
⇐⇒ a < b or (a = b and a2 > b2)

⇐⇒ xa1
1 xa2

2 <grevlex xb1
1 xb2
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Note that using x > y > z, we have xz >grlex y2, but y2 >grevlex xz, so the
same does not hold for n > 2.

c) from smallest to largest . . .
lex: xy2z, x2, x2z, x2z2, x2yz2, x2y2z
grlex: x2, x2z, xy2z, x2z2, x3y, x2yz2, x2y2z, x3z2

grevlex: x2, x2z, x2z2, xy2z, x3y, x3z2, x2yz2, x2y2z
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