Proof. Let P be a d-dimensional polytope that is ([£] 4 1)-neighborly. Suppose for a
contradiction that P has a subset V' = {vy,...,v442} consisting of d+ 2 vertices. Then, V'
is affinely dependent, so there is I such that v; € V and v; = Zd+2 A\;iv; with Zd+2 A= 1.
Hence, 0 = v; — Zd+2 AiV; = Ur — A\U1 — ... AgaoUgio and 1 — A\p — ... Agy0 = 0. Since
Zd+2 Ai = 1, not all \; are zero. Let \} = 1 Ar. Then, \jvy+---+XNvr+.. . Aj2Ug12 = 0
with A+ - —l—)\’ +- - -+Agy2 = 0 and not all A; are zero. Hence, there are nonzero A; and Ay
with opposite signs. Relabeling the v; and \; if necessary, let )\1, ..., A\n be nonnegative (i.e
> 0) and A,y ... Agr2 be nonpositive (i.e. <0). Since A\j+---+ X\, +A\ps1 +- .. Aga2 = 0,
M+ A = —Ar + - F Agge. Let A = A+ -+ A Then A > 0 because

at least one of A\q,...,\, is nonzero. Hence, 1 = %Z?:l)\ = —% foﬂ i, SO U =
S G = Zfilz (—2iv;) is a convex combination of vy, ..., v, and a convex combination
of Upi1,..., 0442, SO v € conv(vy,...,v,) and v € conv(v,i1,...,V442), implying v €
conv(vy, ..., v,) Neonv(vyi1, ..., var2). Let Vi ={vy,...,v,} and Vo = {v,41, ..., 0442}

Then, V1 UV, =V and Vi NV, # 0, and conv(Vi) Nconv(Vy) # (). Hence, V3 NV, = ),
V| = [Vi| 4 |Va], so renaming the sets if necessary, let [Vi| < [2] + 1. Since conv(V;) N
conv(Vy) # (), every hyperplane H that contains V; and does not contain points in the
interior of P, contains points from conv(V3), so H also contains at least one vertex from
V. Then, conv(V}) has vertices that are not in Vj, so conv(V}) does not define a face
consisting of |V;| vertices, implying that P is not |V;|-neighborly, which is a contradiction
to P being (ng + 1) -neighborly. Hence, P has less than d + 2 vertices. Since P is
d-dimensional, P has d + 1 vertices, so P is a simplex. Therefore, if a d-dimensional
polytope is ([4] 4 1) - neighborly, then it is a simplex.
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