Problem 3. Minors and duals.
Let M be a matroid on E and let A C E. I will use these 3 formulas:

) TM\T(X)ZTM(X)
@ ryyr(X) =ru(XUT) —ry(T)
S ryu=X|+ru(F—-X)—rm

(a)

(proof.)

(proof.)

To show the following;:
(M/A)* = M*\A

Let X C E — A, then

rryay-(X) = [ X[+ ra)(E— A= X) —rya(E—A) @

= [X[+ru(BE-—A-X)UA)—ry(A) — (ru(E—A)UA) —ru(4) O
= X|+ru(E—X)—ry(E)

Also

TM*\A(X) = 7“M*(X) =D

X[ +rm(E—X)—ru(E) B

So rarsay-(X) = rae\a(X), thus (M/A)* = M*\A O

clayja(X) =cly(X UA) — Aforall X CE— A

ClLety¢ A y€clya(X) soryya(X) =rya(XUy)@

r/a(XUy) =ry(XUyUA) —ry(A)0

Also, T’M/A(X) = TM(XUA) — ’/‘M(A)©

By @ ® © ry(XUyUA) =1y (XUA) = ry (XUAUY), soy € clp (XUA)
and since y ¢ A, y € cly (X UA) —A. Thus clpa(X) Celpy(XUA)—A

D I want to show ryn 4(X) =7an4
rv(X) —ru(A) =ru(X Uy) — ra(A)

Lety€cly(XUA) —Asoy ¢ A

ru(XUAUy) =ry(XUA)

WLOG Suppose X NA=0so (XUA)—A=X
TM/A(XUA) = TM(XUAf A) 77”M(A) @
=ru(X) —ru(A)D

rva(XUAUy) =ry(XUAUy —A) —ry(A) @
=ru(XUy) —ru(4)@

By ® and @ ray (X UAUy) —ry(A) = ru(X UA) —ra(A)



This is what I needed to show, so y € cly (X UA) — A=y € clpya(X)
Thus clpy (X UA) — A Cclpya(X)

So clpja(X) =cly(XUA)—-A O

(¢) M/A has no loops if and only if A is a flat of M.

(proof.) M/A has no loops = A is a flat in M.

Suppose A is not a flat in M, then ry(AUy) = ray(A) so ry(AUy) —
TM(A) =0

raay) = ru(AUy) —ry(A) = 0Q
ry(AUy) =ry(A) Soyis aloop in M/A.=<

M /A has no loops < A is not a flat in M.
Suppose z is a loop of M/A.

Then 7p7/4(2z) =0

ruja() =ru(rUA) —ry(A) =0@

ryu(zUA) =ry(A)

So A is not a flat if M /A has loops. Thus, if A is a flat, then M /A has no
loops. O



