
vertices of the weak order and the vertices of the permutahedron.
To see that f is a graph isomorphism notice that two permutations share an

edge in the left weak order exactly when the permutations differ only in that
the numbers i and j have switched position. This corresponds to the (unique)
edge of the permutahedron that is fixed under permuting only the ith and jth

coordinates. The existence and uniqueness of such an edge in Πn is assured by
checking that these vertices simulaneously maximize (or minimize) (n−2) of the
hyperplane inequalities.

Note: The bounding hyperplanes of Πn do, in fact, have a very nice descrip-
tion. I can write them down for n = 3, 4. After a few hours of sleep, I will
generalize my findings...

(7) Given a cube of side length
√

2, show that the 12 vectors from the center
of cube to the midpoints of its 12 edges form a root system of S4. Then draw
some pictures.

Proof: Let a, b, c denote s1, s2, s3 ∈ S4, respectively and let +, - denote
1√
2
, − 1√

2
, respectively. We associate a with the vector αa = (0,−,−), b with

αb = (+, 0,+), and c with αc = (0,+,−). First we need to check that 〈αa,αb〉 =
〈αb,αc〉 = −cosπ

3 = −1
2

and that 〈αa,αc = −cosπ
2 = 0.

Since S4 is finite, our inner product is the standard inner product. Thus if θ
is the angle between two vectors u and v, then cosθ = 〈u,v〉

|u||v|
So, 〈αa,αb〉 = 0 + 0− 1

2 = −1
2= cos(θ1) and

〈αb,αc〉 = 0 + 0− 1
2 = −1

2= cos(θ2) and
〈αa,αc〉 = 0− 1

2 + 1
2 = −0= cos(θ3).

Thus θ1 = θ2 = π
3 and θ3 = π

2 as desired.
So αa,αb,αc are the simple roots for the root system of S4.
Finally, we show that these three roots generate the other edges.
αa + αb = (+,−, 0),
αb + αc = (+,+, 0), and
αa + αb + αc = (+, 0,−).
These are exactly the six positive roots (see figure below) and the other six

edges are obtained by multiplying each by −1.
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- - - + - -

+ + +- + +

- - +

0 - - 

0 + -

+ 0 +

+ - 0 =  ba        

+ + 0 = bc

+ 0 - = cba

a 

b

c

- + -

reflecting hyperplane for s_1

reflecting hyperplane for s_3      

reflecting hyperplane for s_2

0 = origin

1 = alpha_1

2 = s_3(alpha_1)

3 = s_2s_3(alpha_1)

4 = s_1s_2s_3(alpha_1)

5 = s_3s_1s_2s_3(alpha_1)

6 = s_2s_3s_1s_2s_3(alpha_1)

7 =s_1s_2s_3s_1s_2s_3(alpha_1)

y

z

x

sqrt 2

0

1=2

3

4

0

5

6=7
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