
MATH 490, PROBLEM SET 4

BRANDON STICKEL

• #5 Give an example of an infinite Coxeter group whose weak order has
no infinite anti-chains, and an example of an infinite Coxeter group whose
weak order has an infite anti-chain.

Proof. The Coxeter group generated by S = {a, b} with m(a, b) = ∞ has
no anit-chains of more than two elements since any w ∈ (W,S) is either in
the chain e ≤R a ≤R ab ≤R aba... or e ≤R b ≤R ba ≤R bab... and given
three elements two will atleast two will be in the same chain.

The Coxeter group generated by S = {a, b, c} with m(a, b) = ∞, m(a, c) =
∞, and m(b, c) = ∞ has infite anti-chains. For example, {b, ab, acb, acab, acacb, acacab. . . . }.

!

• #8 Prove the following statement for the dihedral groups I2(2m) and
I2(∞): For w ∈ W and si ∈ S, l(wsi) > l(w) implies wαi > 0, and
l(wsi) < l(w) implies wαi < 0.

Proof. S = {s1, s2} so l(wsi) > l(w) means that no reduced expression for
w ends in si and l(wsi) < l(w) means that a reduced expression for w ends
in si. Then we need to prove that w sends αi to a negative root if and
only if w has a reduced expression that ends in si and w sends αi to a
positive root if and only if no reduced expression for w ends in si. Since
2m is even the lines of reflection of I2(2m) pass through roots. We can
grade the positive roots by putting α1, α2 on the same level. s2α1, s1α2

on the next level and so on with m levels. Since 2m is even we’ll have 2
roots on each level. The highest level will contain the roots with the lines
of reflection s1, s2 passing through them. The negative roots have a similar
grading starting with s1α1, s2α2. Since m(s1, s2) = 2m Any reduced word
w = ...s2 will send α1 up the levels and as far back down as α2. The same
w = ...s2 will send α2 down levels. So whether or not a word w sends αi

to a negative or positive root depends on the right most generator in a
reduced word for w.

We can prove the case for I(∞) by induction. σa(α2) = α2 − 2(α1 |
α2)α1 = α2 + 2α1 is a positive root and σb(α1) = α1 − 2(α2 | α1)α2 =
α1 + 2α2. We’ll show by induction that α = (ababa...)nαi is a positive root
and α = cα1+dα2 with c = d+1 and d > 0 and α = (baba...)nαi is a positive
root with α = cα1 + dα2 and d = c + 1 and c > 0. We’ve shown its true for
n = 1. Now suppose its true for n and α = (baba...)nαi. Then α = cα1+dα2

and d = c + 1. α1(cα1 + dα2) = cα1 + dα2 − 2(α1 | cα1 + dα2)α1 =
cα1+dα2−2[c−d]α1 = cα1+dα2+2α1 = (c+2)α1+dα2. Then d = c+1 and
d > 0. Similarly for α = (ababa...)nαi with α = cα1 + dα2, d = c + 1 c > 0
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