3. We will divide the proof into several steps.

» Step 1: Let 2,y € W, and suppose s € S is such that s g 2 and s £g y. Then s £r z V y.
Suppose on the contrary that s <g z V y. Since s £ « then I(sz) = l(z) + 1. We also have that
sz <p wp, and thus z = s(sx) <pr swp. Similarly we get y <pr swp, so xVy <gr swy. Then s <p swy,
but this is a contradiction because [(sswg) = I(wo) > I(swo).

» Step 2: If w € W then the set A, ={z € W:zAw=-eand xVw = wp} is closed under joins.

Take z,y € Ay. It is clear that (z Vy) Vw = wp. If (x Vy) Aw >g e then there exists an s € S
such that (z Vy) Aw >g s. Now, since x € A, and s <p w then s £ x (otherwise s <p x A w).
Similarly s £r y, so by Step 1 we have that s £r x V y, which is a contradiction.

= Step 3: If w € W then the set A, is closed under meets.

Since multiplication on the left by wg is an antiautomorphism of the weak order then it takes meets
to joins and viceversa, so

Apy={zeW:zAw=cand x Vw=wy}
={z e W :wy(zx Nw) = wy and wy(z V w) = e}
={z e W :wox Vwyw = wy and woz A wow = e}
={woy € W : y Vwow = wy and y A wow = e}

= wkoo’LLH

which is closed under meets by Step 2.



= Step 4: If w € W then the set A,, is an interval.

By steps 2 and 3 we have that A,, has a least element u = A\ A4,, and a greatest element v = \/ A,
Therefore A,, = [u,v], because if u <pz <gpvthenzAw <gvAw=eand zVw>guVw=w,
Sox € Ay.



