
show this is true by induction on n. Suppose n = 2 then w0 = s1 then just
remove s1 to obtain a word for the identity, so we removed 2

2 = 1 elements.
Assume that for n ≤ k the above claim is true. Consider, n = k+1, where
n is even. Now, remove the elements described above

s1s2s1s3s2s1s4 . . . ŝ1 . . . sn−2ŝn−3sn−4 . . . s2s1ŝn−1sn−2 . . . s2s1.

Now we can commute generatorss3, s4 . . . sn−2− near the beginning of this
word−forward since they can commute with all the necessary generators
and the word will become one of the form uwu−1:

s1s2s3s4 . . . sn−2s1s2s1 . . . ŝ1 . . . s2s1ŝn−3sn−4 . . . s2s1sn−2 . . . s2s1

where u = s1s2s3s4 . . . sn−2 and w = s1s2s1 . . . ŝ1 . . . s2s1ŝn−3sn−4 . . . s2s1.
Fortunately it happens that w is equal to w0 for m = k− 1 ≤ n (after the
correct generators have been removed) so w is a word for the identity by
our inductive hypothesis. Hence uwu−1 = uu−1 = e so we have a word
for the identity. The case where n is odd, follows similarly. Therefore, our
claim is true.
Collaborated with Amanda Ruiz

Exercise 2 Let (Sn)J be a parabolic quotient of Sn modulo a set of generators J with
|J | = n− 2. Prove that, if x, y ∈ (Sn)J , then

x ≤ y in the Bruhat order ⇐⇒ x ≤L y in the left weak order.

Proof. First, let x ≤L y. Then x is the suffix of some reduced expression
for y, i.e. x = s1s2 . . . sr and y = s′1s

′
2 . . . s′ts1s2 . . . sr. Hence, x is a

subword of y and thus x ≤ y in the Bruhat order.
Now, suppose x ≤ y in the Bruhat order. By assumption, x, y ∈ (Sn)J .
By Theorem 2.5.5 we know (Sn)J is graded; in other words there exist
elements wi ∈ (Sn)J , l(wi) = l(x) + i for 0 ≤ i ≤ k such that x =
w0 ≤ w1 ≤ · · · ≤ wk = y. To show x ≤L y, we will do induction on
l(y) − l(x). If l(y) − l(x) = 0 then x = y and so x ≤L y. Assume that
if l(y) − l(x) = k we know x ≤L y and now consider l(y) − l(x) = k + 1.
By Theorem 2.5.5 there exists a u ∈ (Sn)J such that, x < u < y and
l(u) = l(x)+1, so l(y)−l(u) = k, thus u ≤L y by out inductive hypothesis.
By Lemma 2.1.4, u covers x = x1x2x3 . . . xi . . . xj . . . xn in the Bruhat
order iff u = x1x2 . . . xj . . . xi . . . xn such that xi < xj . In (Sn)J it is only
possible to switch consecuvtive values, because of the “wall” property seen
in Homework 3, Exercise 2. Thus j = i + 1 which corresponds to a simple
reflection being multiplied on the left of x to get u. Therefore, x ≤L u
and so x ≤L y.
Collaborated with Amanda Ruiz and Michael Jackanich
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