
(this m exists since a subword for u must be proper) is the least among all possible reduced subwords for
u. We have then

u = si1si2 · · · sik = s1s2 · · · sm−1 simsim+1
· · · sik

where im > m. Note that if w ∈ [u, v] then every reduced subword (of the word for v) representing w
must begin also like w = s1s2 · · · sm−1 · · · , since it contains a reduced subword for u (and m was chosen
minimal).

Let t be the reflection t := s1s2 · · · sm−1smsm−1 · · · s2s1, and consider the function f : [u, v] → W
defined as f(w) = tw. Because of what we said before, another description for f(w) is:

Take a reduced subword (of the word for v) representing w. Then f(w) is just deleting or adding
the letter sm to this subword, depending on if the subword contained the letter sm or not.

This description shows that f(w) ≤ v for all w ∈ [u, v]. Is it also true that u ≤ f(w) for all w ∈ [u, v]?

6.(a) It is clear that WI∩J ⊆ WI ∩ WJ . Now, if w ∈ WI ∩ WJ then there are reduced expressions
w = s1s2 · · · sn and w = s′1s

′
2 · · · s

′
m such that {s1, s2, . . . , sn} ⊆ I and {s′1, s

′
2, . . . , s

′
n} ⊆ J . But we proved

that any two reduced expressions for the same element used the same set of letters, so {s1, s2, . . . , sn} =
{s′1, s

′
2, . . . , s

′
n} ⊆ I ∩ J , showing that w ∈ WI∩J .

6.(b) Any of these two sets can be described as the set of elements in W which can be written as a
product of the letters in I ∪ J , so they are equal.

6.(c) If I '= J then any letter in I ! J will be in WI ! WJ (since no generator can be written as a
product of different generators), showing that WI '= WJ .

9. Assume by contradiction that there exists an infinite antichain in the Bruhat order of W . We will
say that a sequence w1, w2, w3, . . . of elements in W is “good” if wj ! wk for j < k. In particular every
antichain is a “good” sequence. Lets construct a “good” sequence as follows: Let w1 be an element of least
length among all first elements of all “good” sequences. Let w2 be an element of least length among all
second elements of all “good” sequences starting with w1. Let w3 be an element of least length among all
third elements of all “good” sequences starting with w1, w2. Continue this process up to infinity, so we get
a “good” sequence w1, w2, w3, . . . . Fix reduced expressions for all the elements in this “good” sequence.
Since there are only finitely many elements in S, there must be infinitely many of these expressions that
start with the same letter s ∈ S, say wi1 = sw′

i1
, wi2 = sw′

i2
, wi3 = sw′

i3
, . . . with i1 < i2 < i3 < · · · . Then

by the subword property we have that w′
ij

! w′
ik

for j < k. Then, again by the subword property, we have

that w1, w2, w3, . . . , wi1−1, w′
i1

, w′
i2

, w′
i3

, . . . is a “good” sequence. But l(w′
i1

) = l(wi1) − 1, contradicting
the choice of wi1 .

10. Recall that if W is a finite Coxeter group then W (q) is palindromic, that is, W (1/q) = W (q)/ql(w0).
Now, assume W is an infinite Coxeter group (with S finite), but all its proper parabolic subgroups are
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