
choice of generators for S may not be made up of the simple transpositions
we normal use, but it would still generate all of Sn. Thus the parabolic
subgroup created by this Young subgroup is exactly the one generated by
the J we found, for some choice of generators.
Collaborated with Amanda Ruiz, Michael Jackanich, Jon Yaggie

Exercise 4 Consider the Coxeter system (S4, {s1, s2, s3}); let J = {s1, s3}. Draw the
Bruhat order of S4 and the product poset (S4)J × (S4)J inside it.

(Please see the end of the document for this problem)

Exercise 6 Given a Coxeter system (W, S) and I, J ⊆ S, prove that

(a) WI ∩WJ = WI∩J

(b) 〈WI ∪WJ〉 = WI∪J

(c) WI = WJ if and only if I = J .

Proof. .

(a) Pick x ∈ WI ∩ WJ . Then x ∈ WI and x ∈ WJ , so x = s1 . . . sm

where s1, . . . , sm ∈ I and x = r1 . . . rn where r1, . . . , rn ∈ J . Then by
Corollary 1.4.8(ii), {r1, . . . rn} = {s1, . . . sm}, therefore, {r1, . . . rn} ∈
I ∩ J and x ∈ WI∩J , hence WI ∩WJ ⊆ WI∩J .
Next, pick some x ∈ WI∩J . Then x = s1 . . . sn where si ∈ I ∩ J .
Hence, x ∈ WI and x ∈ WJ , therefore x ∈ WI ∩ WJ . So WI∩J ⊆
WI ∩WJ , thus WI ∩WJ = WI∩J .

(b) Pick x ∈ 〈WI ∪WJ〉. Then, x is in the group generated by the union
of the parabolic subgroups WI and WJ . So x = s1s2 . . . sk such that
either si ∈ I or si ∈ J for all i ∈ {1, . . . , k}, because x can be any
combination of elements from WI and WJ . Then for each si it follows
that si ∈ I ∪ J , therefore x ∈ WI∪J . Hence 〈WI ∪WJ〉 ⊆ WI∪J .
Now, choose some x ∈ WI∪J . Then x = s1s2 . . . sk such that si ∈
I ∪ J for all i ∈ {1, . . . , k}. Therefore either si ∈ I or si ∈ J . By
above, all elements of 〈WI ∪WJ〉 are made up of generators such that
either si ∈ I or si ∈ J , thus x ∈ 〈WI ∪WJ〉 and WI∪J ⊆ 〈WI ∪WJ〉.

(c) Suppose WI = WJ but I (= J . Then there must exist some si ∈ I
such that si /∈ J . Then by definition w = si ∈ WI and by our
assumption w ∈ WJ . Therefore w = s′1 . . . s′r for some sj ∈ I. How-
ever, this implies si = s′1 . . . s′r which is a contradiction because by
Corollary 1.4.8(iii) no Coxeter generator can be expressed in terms
of others. Therefore if WI = WJ then I = J . The opposite direc-
tion follows from the definition of WI given a set I; if I = J then
WI = WJ .
Collaborated with Mike Jackanich
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