3. (a) The equivalence relation =~ we really want to work with is the transitive closure of the relation ~
described in this problem statement (which is not transitive).

To show that S*/ ~ inherits a product from S* it is enough to show that if z,2’,y,3/ € S* are
such that z ~ 2’ and y ~ ' then zy ~ 2’y (this easily implies that the product is well defined on the
equivalence classes of ~). But if z ~ 2/ then z = uv and 2/ = u(s152)"51°2)y (or vice versa) for some
u,v € S* and 51,55 € S, and also if y ~ 3 then y = pq and 3/ = p(s354)"(5350) ¢ (or vice versa) for some
p,q € S* and s3,s4 € S. Therefore xy = 2'y/, since all the possible cases are
Ty = uvpq ~ u(s159)™E152)yp(s35,) ™85 g = 'y
zy = uvp(s3s4) ™35 g & u(s159)™E15Dupg = 'y,

zy = u(s152)" 1D upg & uvp(sgsy) ™55 g = 2’y or

zy = u(s189)" 152 up(s354)™5359) g & uvpg = 2y’



equlvalence class ol the word sjS9...Sg—1Sk 1S the equivalence class or the word SgSg—1...S2S1, Slnce
8189 ... Sk_15kSkSk—1 - - - 5281 ~ (). Therefore S*/~ is a group.

Now, consider the function f’: S — S*/~ defined as f’(s) = 3 (where 3 is the equivalence class of
s). By the universal property of free groups this function can be extended to a group homomorphism
f:+ F — 8*/~, which is clearly surjective. We will show that ker(f) = N, so W = F//N = §*/~ as we
want.

= ker(f) O N: Note that for every s,5' € S we have that f((ss')™**)) = (ss/)m(ss) = @, so
{(ss)™5) 55" € S} C ker(f). Then, since ker(f) is a normal subgroup of F, we get that
N C ker(f).

= ker(f) C N: Assume z = s{ts3l... Sfl € F is in ker(f). This means that

0= f(z)
= f(sit SQil...slfl)
_sptletl | gt
=5152...5
= 5152 ... Sk,

SO $182...5, = (). The result follows from the following facts:

o If x,y € S* are such that x ~ y and = € N (regarded as an element of F'), then y € N:
If z ~ y then # = uv and y = u(ss')™55)y (or vice versa) for some u,v € S* and s,5" € S.

Then
Y= u(ss’)m(s’s/)v
= u(vv 1) (ss")™5 )y
= () (v (s5)"C )
= z(v (s )™ y) e N
or

Yy = uv
_ u((ssl)m(s,s’)vvfl (88/)777’7,(5,8/)),0
_ (u(ssl)m(s,s’)v)(v—l (88/)—m(s,s’)v)

= 2(v " (ss') "™ )y) € N.

° Ifa::slsg...skeNtheny:sflséﬂ...sflGN:
Note that

-1.-1 -1.-1 -1_-1 -
Y= (5182...8k—15kS), Sp_1---59 81 )Y =2(8; Sp_1---55 S, Y)-

We will show by induction on k that for any y = slﬂ sQﬂ . ..sfl € F we have that z =

slzlsl;ll - 181_1 y € N, which clearly implies what we want. If £ = 1 the result is clear.
Now, assume the result holds for £ — 1. Since

—1 —1 —1 —1 —1 —1 -1 —1 <+1 +1 41 41



we can cancel terms in the middle until we get

-1 -1 -2 41 +1 41
=SS SIS S Sh15h

for some [ > 1. But then

S | -1 -2 -1 _-1 —1y *1 +1 41
2= 8 S 81018 (8141 - Sk—15Kk S Sp_q1--- Sl+1) Sl Sk_15k

_yo—1.—1 -1 -2 -1_-1 -1 _+1 +1 41

= (8) Sp_1 -+ S1115 Siat - Sk—15k) (8 8181015141 Ske15K )

which by induction hypothesis is a product of two elements of N, and we are done.

3. (b) Assume G is a group and f : S — G is a function such that (f(s)f(s"))™®*) = e for all 5,5’ € S.
By the universal property of free groups, f extends uniquely to a group homomorphism f’ : F' — G.
Now, our assumption about f clearly implies that ker(f’) 2 N, so f’ factors through a (unique) group
homomorphism f” : F/N 2 W — @G, and the proof is complete.



