7. Let M = {dim(E; N F})}i<ij<n, and let j € [n]. The numbers in the j-th column of M correspond to
the sequence
d1m(E1 N F‘J), dlm(EQ N Fj), ce ,dlm(En N Fj),

which is clearly a non-decreasing sequence. Note that the kernel of the canonical homomorphism
[ ENF; — E/E;_4
is ker(f) = (E; N F;) N E;—1 = E;—1 N F}, so it induces an injection
f(BiNF)/(Eio1NF;) — Ei/E; 1.
Therefore

dlm(El N F]) — dlm(El_l N P}) = dim ((El N Fj)/(Ei—l N F])) < dlm(El/El_l) = 1,

which shows that the sequence of numbers in the j-th column of M increases at most 1 at each step.
Define
Sj = {l S [n] : dlm(El N F]) — dlm(El_l N P}) = 1},

that is, S; is the set of steps where the sequence of numbers in the j-th column increases. Since dim(Ep N
F;) = dim(0) = 0 and dim(£, N F;) = dim(F};) = j then the set S; contains exactly j elements. Moreover,
note that if j > 1 and ¢ ¢ S; then

dlIIl(El N P}) — dlm(El_l N P}) =0



and so E; N F; = E;_1 N F}, thus
E; N P?jfl = (EZ N EY) OFJ’,1 = (Eifl ﬂFj) OFJ’,1 =F;,_ ﬂFj,1

and
dim(E; N F;—1) —dim(E;—1 N Fj_1) =0,

showing that i ¢ S;_1. We have then that S; C S C --- C S,. Since for all j we have that #S5; =
J, then for all j there is a unique number o(j) € S; \ Sj—1 (where we take Sy = (). Note that
{c(1),0(2),...,0(n)} = S, = [n], so it is clear that o is a permutation of the set [n]. Moreover, M
is the rank table of the permutation o, because for any pair 7, j we have that the number of dots in the
northwest corner above the point (4, 7) in the rank table of o is

Bk <) o(k) <i} = #{E<j: Si\ Sk < i}
=#(((S1\ So) U (S2\ S1)U---U(8;\ Sj-1)) N [i])
= #(5; N [i])
= M,

directly from the definition of S;.



