
Amanda Ruiz
Math 40
2/20/2008

Homework 2
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Exercise 1 Prove that the group of symmetries of an infinite equilateral triangular grid equals
the Coxeter group whose Coxeter diagram is a triangle with no labels on the edges.

Proof. Consider an infinite trianglular grid, as shown in Figure 1. Let A be the red
line bordering triangle e, B is the blue line, and C is the yellow line. Let a be the
action of reflecting over line A, b is reflection over line B, and c is reflection over line
C. The triangle labeled e is the identity, not having been reflected at all.
To prove that the group R = 〈a, b, c|a2 = b2 = c2 = (ab)3 = (bc)3 = (ac)3 = e〉 is the

Figure 1: The triangular grid generated by words of length ≤ 3.

Coxeter Group 〈s1, s2, s3|s2 = (ss′) = e〉, I need to show that a, b, and c generate the
triangular grid, a, b, c have the desired properties, and that the exchange property
holds.

(Relations:) a, b, c are reflections, so clearly, if we square any of them, we get the
identity.
Consider relations between any two generators. Each pair of lines intersect at 60◦ so
each pair acts like the symmetries of a triangle, or D6 which we have proven to have
only the properties s2 = (ss′)3 = e. So we know if we are considering words made up
of only two generators, they will follow the same rules as D6 and ss′s = s′ss′.
Also, as we can clearly see in Figure 1, none of the generators a, b, or c commute with
each other.
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