2. Compute the homology groups for the simplicial complex on {a,b,c, d, e} whose
maximal faces are {a,b,c},{a,c,d},{a,d, e}, {b,e}.

Denote the above defined simplicial complex as A (drawing on next page).

F_1(A) = {0} C-1(A) = F? = span(ey)

Fo(A) ={a,b,c,d,e} Co(A) = F® = span(eq, ep, ec, €4, €e)

Fi(A) ={ab,ac,ad, ae,be,cd, de,be}  Ci1(A) = ]Fssio@ab, €ac, e;zd, €aes €bes Ecds Edes Ebe)
Fa(A) = {abec, acd, ade} C2(A) = F® = span(egbe, €acds €ade)

We have the chain complex

00 2a e 2o, B0
Since 8_1 maps C_; to 0, ker(8—_1) = span(eg). And im(8p) = span(eg) since
do(ea) = Ooles) = Bo(ec) = Go(ea) = Oolee) = e
Then '

H_1(A) = ker(8-1)/im(d) = 0

To compute ﬁo, note that

im(8;) = span(eq — €b, € — €c; €a — €d; €a — €e; €b — €c; €c = €dy €d — €e; €b — €e)

= spa.n(ea — €p,€h — €c, €c — €4, €4 — E¢) and
ker(8p) = {f = aeq + Bep + vec + deq + €ee | Oo(f) =0)

But 9g(f) = (a+ B+ v+ +e)eg =0 implies that a+ S+ v+ d+e=0. Therefore
ker(8o)= span(eq — €5, €a — €c, €a — €d; €a — e, € — Ec, € — €d, € — €e; €c — €d, €c — €e, €d — Ee)
= span(eq — €b,€b — €c, €c — €d, €d — €e)
Then ' .
Hy(A) = ker(8p)/im(8y) =0

*To compute H 1, notice that

im(82) = Span(—ebc + €gqc — €ab; —€cd T €ad — €acy —€de + €ae — ead)
ker(81) = {f = k1eap + ko€ac + k3ead + kaeae + ksere + koeca + krege + ksepe | 01(f) = 0}
But ) ‘
O1(f) = ki(ea — ) + ko(ea — ec) + ks(ea — €q) + ka(ea — €e)
+ ks(ep — ec) + ka(ec — eq) + kr(ea — ee) + ks(ep — €e)
= (k1 + ko + k3 + kg)eq + (—k1 + k5 + ks)ep + (;k2 — ks + kg)ec + (—ks — ke + kr)eq + (—ka — k7 — kg)ee
=0

implies that k1 = ks + ks, ko= —ks +ks, ks=—ke+kr, kai=—kr—ks (these were
computed by row reducing the k; coefficient matrix on a calculator). Then elements of the kernel
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of 8y are of the form
f=(ks+ ks)eqp + (—ks + ke)eqe + (—ke + kr)eed + (—k7 — kg)eqe + ksepe + keecq + krege + ksepe
= ks(€ab — €ac + €nc) + kg (€ac ~ €0q + €0q) + k1(€ad — €ae + €de) + ks(eqs — €qe + €3e)

Therefore ker 8; = span((ep — eq. + €be)s (€ac — €ad + €cq), (€ad — €qe + €de)> (€ab — €ae + €pe)) and
Hi(A) = ker(3y) /im(85) = span(eqs — eac + e5e) = F! |
To compute Hy, notice that im(83) =0, and ker(3) = {f = kieape + koegeq -+ kseade | B2(f) = 0}.
But '
Oa(f) = kl(_elgc + €ac — €ap) + k2 (—€cq +‘read — €ac) + k3(—ede + €qe — €ad)

= ~kieap + (k1 — ka)eac + (kg — ks)ead + k3eae — ke — haeog — ksege

=0 ,‘
implies that ki = kg = k3 = 0, and therefore ker(8s) = 0. Then

Hy(A) = ker(8y) /im () = 0/0 = 0

To summarize,

H_(A)=0
Ho(A) =0

Hy(A) = span(eqy — eqe + epe) = F*
Hy(A) =0




