
where the block matrix of the map di : G′
i ⊕G′

i−1 → G′
i−1 ⊕G′

i−2 is
[
di (−1)i−1

0 di−1

]
.

An element (a, b) ∈ G′
i ⊕ G′

i−1 is in ker di iff b ∈ ker di−1 and a ∈ (ker di) −
(−1)i−1b, the former condition from the bottom row and the latter from the top
one. But this element (a, b) is in the image of the incoming arrow, given by the
matrix [

di+1 (−1)i

0 di

]
,

i.e. satisfies b ∈ di and a ∈ im di+1 + (−1)ib. By the exactness in the induction
these two conditions are equivalent, and we have proven exactness of G·.

6(a) One free resolution of R/(xm) is given as

· · · xm

→ R
xn−m

→ R
xm

→ R
xn−m

→ R → R/(xm)→ 0

where all the labelled arrows are multiplication. Exactness follows from that
the image of multiplication by xk in R is (xk) and its kernel is (xn−k), and that
R/(xm) is isomorphic to (xn−m) as an R-module. (This is routinely computed;
each kernel one encounters in the computation has form (xk), which has a single
generator.)

(b) We’ll show that every injection of free R-modules has free cokernel. Then
given an R-module M with finite free resolution

0→ Fn → Fn−1 → · · ·→ F 1 → F 0 →M → 0,

as long as n > 0 the left-hand end 0→ Fn φ→ Fn−1 → · · · of this sequence may
be replaced with 0 → (cokerφ) → · · · while keeping the sequence a free reso-
lution, and performing enough such replacements we find that M is isomorphic
to a free R-module.

So let φ : G ↪→ F be an injection of free R-modules. Now, φ restricts to
an injection xn−1G ↪→ xn−1F of k-vector spaces, whose cokernel is a k-vector
space as well. Let {xn−1hi : i ∈ N} be representatives in xn−1G of a basis for
this cokernel.

We then claim that G/φ(F ) is freely generated as an R-module by the
classes hi. By induction on n we may assume that the classes hi freely gen-
erate G/(xn−1G + φ(F )).

Given any g ∈ G, there’s some R/(xn−1)-linear combination of the hi in
G/xn−1G, call it g̃′, such that g̃′ = g in G/(xn−1G + φ(F )). We lift g̃′ to
g′ ∈ G by replacing the R/(xn−1) coefficients with arbitrary lifts to R/(xn).
Then g′ − g in G/φ(F ) is a multiple of xn−1. So by choice of the hi we have a
xn−1R-linear combination g′′ of the hi with g′′ = g′ − g in G/φ(F ), and then
g = g′ − g′′, showing that the hi generate G/φ(F ).

7



For freeness we do similarly. If we had
∑

i aihi ∈ φ(F ) for some ai ∈ R,
then inductively ai

∼= 0 mod xn−1 for each i. But then
∑

i aihi is a k-linear
combination of the xn−1hi, and so by choice of the hi we must have that ai = 0
for each i.
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