3. The grevlex order.
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Prove that grevlex is a monomial ordering

Prove that the grevlex orderings on F[x1, x2] coincide wi the grlex order-
ings, bu the grevlex orderings on F[z1, x2, x3] are not grlex orderings.

Order the monomials in lex, grlex, and grevlex.
Grevlex is a monomial ordering.

Proof. (Every two monomials are comparable:) Let m; = x7*...xz%

L
me = Jcll” c.xbrand 1 > a9 > -+ > x,. First we’ll show that every

n
two monomials are comparable. Suppose m; # mso. Then either deg
my # deg mo or deg my = deg mo and there exists an i such that a; # b;
and a;+1 = bjy1,...,0, = b,. So either m; > msg or mg > my.
(Transitivity:)Suppose that my > ma > mg with m, my as before and
mg = a7 ...x5r. If deg my > deg mg or deg mo > deg mg then deg mq >
deg m3 and my > mg. If not then deg m; = deg my = deg ms. Since

mi > me there exists an ¢ such that a; < b; and a;41 = bjy1,...,a, = by.
Similarly there exits a j such that b; < ¢; and bj41 = ¢jq1,...,bp = Cp.
If i < j then a; < b; < ¢j and aj41 = Cjq1,...an = . If > j then
a; < b; =c; and a;41 = Ci41,...0n = Cp. SO My > M3.

(1 < 'm) : Every monomial has a degree greater than 0.



(my > mg — mmy > mma): Let myi,my be as above and m =
xffl .. xf;ﬂ. Assume that my > mo. If deg my > deg ms then deg mm; =
deg m+deg my > deg m+deg mo = deg mms. If deg m; = deg my then
there exists an ¢ such that a; < b; and a;41 = bjy1,...,a, = b,. Then
mmy = x?”’dl cooxlntdn mmy = m?”‘dl co.abrtdn and a; +d; < b; +d;
and a;41+di+1 = bip1+div1, ..., an+d, = by+d,. Sommy > mmsy. O

Grevlex coincides with grlex on Flzy, za].

Proof. Let my = x7'23? and mg = zlflxgz. Assume that my # mo. If

deg my > deg mso then m; > mo in both grevlex and grlex. Suppose deg
myp = deg msy. Then either a; > by or a; < by. Suppose that a; > b;.
Then m; > mso in grlex. But since a; > b; we must have as < by so
my > mg in grevlex. This doesn’t work in Flx,y, z]. Take for example
my = 23yz? and my = my4z. Then my > ms in grlex but my > my in
grevlex. O

Proof. In lex: 23y > 1322 > 2%y%2 > 2%y2? > 2222 > 222 > 22 > 29?2
In grlex: 2322 > 2%y?2 > 22y2? > 23y > 2222 > 2y?2 > 222 > 22 In
grevlex: x2y%z > 2322 > 2%y2? > 23y > xy?z > 2222 > 222 > 2% O



