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1. A non-Noetherian ring. Let R be the ring of continuous real valued functions
on [0, 1]. Find an ideal of R which is not finitely generated.

Proof. Let In be the ideal of all continuous functions that vanish on the iterval
[0, 1/n]. Then I1 ⊂ I2 ⊂ . . .. Let I = ∪∞n=1. We claim that I is an ideal and
is not finitely generated. Let f, g ∈ I. Then f, g ∈ In for some n and for all
α,β ∈ R, αf + βg ∈ In. However In is strictly smaller than In+1 and hence
not all of I. Take for example a function that is 0 on the interval [0, 1/{n+1}]
and non-zero everywhere else.

2. Finite intervals. Say a monomial ordering on F[x1, . . . , xn] has the finite intersction property
if for any monomials a, b with a < b there exist finitely many monomials c
such that a < c < b. Does the grlex order have this property? Does every
monomial ordering have the finite interval property?

Proof. Grlex has the finite interval property since grlex grades the monomials
and there are only a finite number of monomials of each degree. Not every
monomial ordering has this property. Lex for example does not have the finite
interval property. Take F[x, y] with the lexicographic ordering and x > y.
Then yn < x for all n.

3. The grevlex order.

(a) Prove that grevlex is a monomial ordering
(b) Prove that the grevlex orderings on F[x1, x2] coincide wi the grlex order-

ings, bu the grevlex orderings on F[x1, x2, x3] are not grlex orderings.
(c) Order the monomials in lex, grlex, and grevlex.

(a) Grevlex is a monomial ordering.

Proof. (Every two monomials are comparable:) Let m1 = xa1
1 . . . xan

n ,
m2 = xb1

1 . . . xbn
n and x1 > x2 > · · · > xn. First we’ll show that every

two monomials are comparable. Suppose m1 $= m2. Then either deg
m1 $= deg m2 or deg m1 = deg m2 and there exists an i such that ai $= bi

and ai+1 = bi+1, . . . , an = bn. So either m1 > m2 or m2 > m1.
(Transitivity:)Suppose that m1 > m2 > m3 with m1, m2 as before and
m3 = xc1

1 . . . xcn
n . If deg m1 > deg m2 or deg m2 > deg m3 then deg m1 >

deg m3 and m1 > m3. If not then deg m1 = deg m2 = deg m3. Since
m1 > m2 there exists an i such that ai < bi and ai+1 = bi+1, . . . , an = bn.
Similarly there exits a j such that bj < cj and bj+1 = cj+1, . . . , bn = cn.
If i ≤ j then aj ≤ bj < cj and aj+1 = cj+1, . . . an = cn. If i > j then
ai < bi = ci and ai+1 = ci+1, . . . an = cn. So m1 > m3.
(1 < m) : Every monomial has a degree greater than 0.
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(m1 > m2 → mm1 > mm2): Let m1, m2 be as above and m =
xd1

1 . . . xdn
n . Assume that m1 > m2. If deg m1 > deg m2 then deg mm1 =

deg m+deg m1 > deg m+deg m2 = deg mm2. If deg m1 = deg m2 then
there exists an i such that ai < bi and ai+1 = bi+1, . . . , an = bn. Then
mm1 = xa1+d1

1 . . . xan+dn
n , mm2 = xb1+d1

1 . . . xbn+dn
n and ai + di < bi + di

and ai+1+di+1 = bi+1+di+1, . . . , an+dn = bn+dn. So mm1 > mm2.

(b) Grevlex coincides with grlex on F[x1, x2].

Proof. Let m1 = xa1
1 xa2

2 and m2 = xb1
1 xb2

2 . Assume that m1 $= m2. If
deg m1 > deg m2 then m1 > m2 in both grevlex and grlex. Suppose deg
m1 = deg m2. Then either a1 > b1 or a1 < b1. Suppose that a1 > b1.
Then m1 > m2 in grlex. But since a1 > b1 we must have a2 < b2 so
m1 > m2 in grevlex. This doesn’t work in F[x, y, z]. Take for example
m1 = x3yz2 and m2 = xy4z. Then m1 > m2 in grlex but m2 > m1 in
grevlex.

(c) Proof. In lex: x3y > x3z2 > x2y2z > x2yz2 > x2z2 > x2z > x2 > xy2z.
In grlex: x3z2 > x2y2z > x2yz2 > x3y > x2z2 > xy2z > x2z > x2. In
grevlex: x2y2z > x3z2 > x2yz2 > x3y > xy2z > x2z2 > x2z > x2.

4. A geometric characterization of term orders.
Let v1, . . . , vn form a basis of Rn. Define the weight order ≥ on the monomials
of F[x1, . . . , xn] by sets m1 > m2 if and only if for some t ≤ k we have

vi · multideg(m1) = vi · multideg(m2)for1 ≤ i ≤ t− 1and (1)
vt · multideg(m1) > vt · multideg(m2), (2)

(3)

(a) If k = n and vi = (0, . . . , 0, 1, 0, . . . , 0) (with a 1 in the ith coordinate)
for 1 ≤ i ≤ k, show that the resulting order is the lexicographic order
wiht x1 > · · · > xn.

Proof. Let m1 = xa1
1 . . . xn, m2 = xb1

1 . . . xbn
n be two monomials in F[x1, . . . , xn].

Then m1 > m2 if and only if ai = bi for i < t and at > bt. Now think
about m1 and m2 being the associated n-tuples. Then ai = bi if and
only if vi · m1 = vi · m2 and at > bt if and only if vt · m1 > vt · m2.

(b) If k = n and v1 = (1, . . . , 1) and vi = (1, . . . , 1,−n + i− 1, 0, . . . , 0) with
(-n+I - 1) in the (n-i = 2)th coordinate). Show that the resulting order
is the grevlex order with x1 > · · · > xn.

Proof. Let m1 = xa1
1 . . . xn, m2 = xb1

1 . . . xbn
n be two monomials in F[x1, . . . , xn].

In the grevlex ordering m1 > m2 if and only if the degree of m1 > m2 or
the degrees are equal and at < bt for some t and ai = bi for i > t. The
degree of m1 is a1 + · · · + an which is v1 · m1. So the degree of m1 is
>,=, < m2 exactly when v1 · m1 >,=, < v1 · m2.
Suppose that the degree of m1 is the same as m2. If an = bn then
a1 + · · · + an−1 = b1 + · · · + bn−1. Let k > 0, then (1, . . . , 1,−k) · m1 =
(1, . . . , 1,−k) · m2. If an < bn then a1 + . . . an−1 > b1 + . . . bn−1 and
−kan > −kbn so (1, . . . , 1,−k) · m1 > (1, . . . , 1,−k) · m2. If at ≤ bt and
ai = bi for i > t then a similar argument applies where a1 + · · · + at ≥
b1 + · · · + bt and (1, . . . 1,−k, 0, . . . , 0) · m1 ≥ (1, . . . 1,−k, 0, . . . , 0) · m2

with −k in the tth coordinate.
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